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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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(Dialog) In[198]:= SolarNO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.4}]}]
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IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]
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mass

|�m2
21| = |m2
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1| = 7.5 ⇥ 10�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m2 > m1
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=

massive_neutrinos.nb     3

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

– Typeset by FoilTEX – 1

(Dialog) Out[186]=

(Dialog) Out[187]=

(Dialog) Out[188]=

4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

– Typeset by FoilTEX – 1

(Dialog) Out[186]=

(Dialog) Out[187]=

(Dialog) Out[188]=

4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

– Typeset by FoilTEX – 1

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⇡ Age of Universe / 1026

✓23

�,✓23

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

– Typeset by FoilTEX – 1

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⇡ Age of Universe / 1026

✓23

�,✓23

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

– Typeset by FoilTEX – 1



Stephen Parke                                 Nu Seminar / Fermilab                                  3/7/2019        #                      7

UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e

�i�

1
�s13e

+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij

⌫1, ⌫2 Mass Ordering:

⌫1 ⌫2

mass

– Typeset by FoilTEX –
3

(Dialog) In[184]:=

NOpIO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.5}], Inset[nu3, {0, 3}],
Inset[nu1, {3, 2.5}], Inset[nu2, {3, 3.0}], Inset[nu3, {3, 0.0}]}]

(Dialog) Out[184]=
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=
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5

FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
UPMNS elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended UPMNS ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range

6

FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
UPMNS elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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2

long baseline neutrino1 oscillation experiments (T2K [7],
NOvA [8], DUNE [9], T2HK [10], T2HKK [11]) as the
size of the CP violation is proportional to �m

2
21, as well

as other parameters. In vacuum, at the first oscillation
peak, L/E ⇠ 0.5 km/MeV, for ⌫µ ! ⌫e:

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) ⇡ ⇡ J

✓
�m

2
21

�m2
31

◆
(3)

where J = sin 2✓12 sin 2✓13 cos ✓13 sin 2✓23 sin � ⇡ 0.3 sin �
is the Jarlskog invariant.

T2K’s data point in the bi-event plane, see Fig 44 of
[12],

N(⌫µ ! ⌫e) = 37 and N(⌫̄µ ! ⌫̄e) = 4

being outside the allowed region (by about 1 �) could
be caused by �m

2
21 being larger than KamLAND value,

twice the KamLAND central value works well. Again,
it is probably a statistical fluctuation but with only one
precision measurement of �m

2
21, other possibilities are

not completely excluded.
The future medium baseline reactor experiment JUNO

(L/E ⇠ 15 km/MeV) will measure �m
2
21 and sin2 ✓12

with better than 1% precision, [13]. However, this exper-
iment is under construction and the precision measure-
ments of the solar neutrino oscillation parameters will
not be available until approximately 5 years from now.
In more than a decade from now, the DUNE & HyperK
proposed experiments will make a precise measurement
of �m

2
21 using solar neutrinos, see [14] and [15] respec-

tively.
In section II, we discuss in detail the e↵ects of chang-

ing �m
2
21 on the oscillation probability. Then in section

III we explain and give the results of a simulation of both
Daya Bay and RENO using 3000 live days of data with
and without systematic uncertainties followed by a con-
clusion.

II. OSCILLATION PROBABILITY

The electron antineutrino disappearance probability,
in vacuum, can be written as

P (⌫̄e ! ⌫̄e) = 1� P13 � P12 with (4)

P13 = sin2 2✓13 (cos
2
✓12 sin

2 �31 + sin2 ✓12 sin
2 �32),

P12 = sin2 2✓12 cos
4
✓13 sin

2 �21,

where ✓12 ⇡ 33� and ✓13 ⇡ 8� are the solar and reactor
mixing angles respectively and the kinematic phases are
given by�jk ⌘ �m

2
jkL/(4E). The P13 term is associated

with the atmospheric oscillation scale of 0.5 km/MeV,

1 In the rest of this paper, when referring to neutrinos, we mean
neutrinos and/or anti-neutrinos.

and the P12 term is associated with the solar oscillation
scale of 15 km/MeV.
Using typical fit values and considering a L/E

range around the first oscillation minimum (L/E =
0.5 km/MeV), we can approximate P13 and P12 as fol-
lows:

P13 ⇡ 0.08 sin2
✓
⇡

2

✓
L/E

0.5 km/MeV

◆◆
(5)

P12 ⇡ 0.002

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

7.5⇥ 10�5 eV2

◆2

.(6)

For �m
2
21 = 7.5⇥10�5 eV2, the P12 term is essentially

negligible for all L/E < 1 km/MeV. This encompasses
the L/E range of all current short baseline experiments.
However, consider the case that �m

2
21 is 3 times larger

than this value, i.e. 22.5⇥ 10�5 eV2, then

P12 ⇡ 0.02

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

22.5⇥ 10�5 eV2

◆2

.(7)

P12 is now no longer negligible compared to P13 at oscilla-
tion minimum (L/E = 0.5 km/MeV) and P12 gets larger
for L/E > 0.5 km/MeV whereas P13 is getting smaller.
In fact, at L/E = 1km/MeV, P12 would be as large as
sin2 2✓13 (0.08) for this value of �m

2
21.

Therefore the short baseline reactor experiments can
constrain �m

2
21 to be less than 2 to 3 times the cur-

rent best fit value depending on the experiment, Daya
Bay or RENO, run time and the confidence level. Set-
ting a lower bound on �m

2
21 will be challenging for these

experiments due to systematic uncertainties. As data
above L/E ⇠ 0.5 km/MeV is important for this con-
strain, the Double Chooz experiment, which has no data
with L/E > 0.5 km/MeV, is not considered.
Since the position of the first oscillation minimum for

P (⌫̄e ! ⌫̄e) is given by

L

E
⇡

2⇡

�m2
ee

, (8)

where �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 (at least for small

�m
2
21), it is natural to write the disappearance probabil-

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin

2 �21

+sin2 2✓13


sin2 |�ee|+ sin2 ✓12 cos

2
✓12�

2
21 cos(2�ee)

�
1

6
cos 2✓12 sin

2 2✓12 �3
21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.

2

long baseline neutrino1 oscillation experiments (T2K [7],
NOvA [8], DUNE [9], T2HK [10], T2HKK [11]) as the
size of the CP violation is proportional to �m

2
21, as well

as other parameters. In vacuum, at the first oscillation
peak, L/E ⇠ 0.5 km/MeV, for ⌫µ ! ⌫e:

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) ⇡ ⇡ J

✓
�m

2
21

�m2
31

◆
(3)

where J = sin 2✓12 sin 2✓13 cos ✓13 sin 2✓23 sin � ⇡ 0.3 sin �
is the Jarlskog invariant.

T2K’s data point in the bi-event plane, see Fig 44 of
[12],

N(⌫µ ! ⌫e) = 37 and N(⌫̄µ ! ⌫̄e) = 4

being outside the allowed region (by about 1 �) could
be caused by �m

2
21 being larger than KamLAND value,

twice the KamLAND central value works well. Again,
it is probably a statistical fluctuation but with only one
precision measurement of �m

2
21, other possibilities are

not completely excluded.
The future medium baseline reactor experiment JUNO

(L/E ⇠ 15 km/MeV) will measure �m
2
21 and sin2 ✓12

with better than 1% precision, [13]. However, this exper-
iment is under construction and the precision measure-
ments of the solar neutrino oscillation parameters will
not be available until approximately 5 years from now.
In more than a decade from now, the DUNE & HyperK
proposed experiments will make a precise measurement
of �m

2
21 using solar neutrinos, see [14] and [15] respec-

tively.
In section II, we discuss in detail the e↵ects of chang-

ing �m
2
21 on the oscillation probability. Then in section

III we explain and give the results of a simulation of both
Daya Bay and RENO using 3000 live days of data with
and without systematic uncertainties followed by a con-
clusion.

II. OSCILLATION PROBABILITY

The electron antineutrino disappearance probability,
in vacuum, can be written as

P (⌫̄e ! ⌫̄e) = 1� P13 � P12 with (4)

P13 = sin2 2✓13 (cos
2
✓12 sin

2 �31 + sin2 ✓12 sin
2 �32),

P12 = sin2 2✓12 cos
4
✓13 sin

2 �21,

where ✓12 ⇡ 33� and ✓13 ⇡ 8� are the solar and reactor
mixing angles respectively and the kinematic phases are
given by�jk ⌘ �m

2
jkL/(4E). The P13 term is associated

with the atmospheric oscillation scale of 0.5 km/MeV,

1 In the rest of this paper, when referring to neutrinos, we mean
neutrinos and/or anti-neutrinos.

and the P12 term is associated with the solar oscillation
scale of 15 km/MeV.
Using typical fit values and considering a L/E

range around the first oscillation minimum (L/E =
0.5 km/MeV), we can approximate P13 and P12 as fol-
lows:

P13 ⇡ 0.08 sin2
✓
⇡

2

✓
L/E

0.5 km/MeV

◆◆
(5)

P12 ⇡ 0.002

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

7.5⇥ 10�5 eV2

◆2

.(6)

For �m
2
21 = 7.5⇥10�5 eV2, the P12 term is essentially

negligible for all L/E < 1 km/MeV. This encompasses
the L/E range of all current short baseline experiments.
However, consider the case that �m

2
21 is 3 times larger

than this value, i.e. 22.5⇥ 10�5 eV2, then

P12 ⇡ 0.02

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

22.5⇥ 10�5 eV2

◆2

.(7)

P12 is now no longer negligible compared to P13 at oscilla-
tion minimum (L/E = 0.5 km/MeV) and P12 gets larger
for L/E > 0.5 km/MeV whereas P13 is getting smaller.
In fact, at L/E = 1km/MeV, P12 would be as large as
sin2 2✓13 (0.08) for this value of �m

2
21.

Therefore the short baseline reactor experiments can
constrain �m

2
21 to be less than 2 to 3 times the cur-

rent best fit value depending on the experiment, Daya
Bay or RENO, run time and the confidence level. Set-
ting a lower bound on �m

2
21 will be challenging for these

experiments due to systematic uncertainties. As data
above L/E ⇠ 0.5 km/MeV is important for this con-
strain, the Double Chooz experiment, which has no data
with L/E > 0.5 km/MeV, is not considered.
Since the position of the first oscillation minimum for

P (⌫̄e ! ⌫̄e) is given by

L

E
⇡

2⇡

�m2
ee

, (8)

where �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 (at least for small

�m
2
21), it is natural to write the disappearance probabil-

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin

2 �21

+sin2 2✓13


sin2 |�ee|+ sin2 ✓12 cos

2
✓12�

2
21 cos(2�ee)

�
1

6
cos 2✓12 sin

2 2✓12 �3
21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.

where J is Jarlskog Invariant (1985):

At oscillation maximum in vacuum:

CP Violation:



Stephen Parke                                 Nu Seminar / Fermilab                                  3/7/2019        #                      14

Neutrino mode 1Re candidates
30 40 50 60 70 80 90 100

A
nt

in
eu

tri
no

 m
od

e 
1R

e 
ca

nd
id

at
es

4

6

8

10

12

14

16

18 T2K Run1-9c Preliminary

0.55, 0.45, 0.50 = 23θ 2sin
4/c2 eV-310× = 2.4432

2mΔ
4/c2 eV-310× = 2.4113

2mΔ
π = CPδ

/2π = +CPδ
 = 0CPδ

/2π = -CPδ
syst err
stat + syst err
Data

T2K

bi-event: bi-probability:



Stephen Parke                                 Nu Seminar / Fermilab                                  3/7/2019        #                      15

KamLAND

FERMILAB-PUB-18-392-T

Constraints on the Solar �m2
using Daya Bay & RENO

Seon-Hee Seo⇤

Center for Underground Physics, Institute for Basic Science,

55 Expo-ro Yuseong-gu, Daejeon 34126, Korea

Stephen J. Parke†

Theoretical Physics Department,

Fermi National Accelerator Laboratory,

P. O. Box 500, Batavia, IL 60510, USA

(Dated: September 17, 2018)

We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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14. Neutrino masses, mixing, and oscillations 67
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Figure 14.9: The ratio of the background and geoneutrino-subtracted ν̄e
spectrum, observed in the KamLAND experiment, to the predicted one without
oscillations (survival probability) as a function of L0/E, where L0=180 km. The
histograms show the expected distributions based on the best-fit parameter values
from the two- and three-flavor neutrino oscillation analyses. The figure is from
Ref. 277.

assuming CPT invariance, though the allowed ∆m2
21 range is better determined by the

KamLAND data.

The values of ∆m2
21 and θ12 have been frequently updated by experimental groups

or by phenomenological analysis groups, using the global solar neutrino data, or the
KamLAND data alone, or the global solar + KamLAND data, or the global neutrino
oscillation data. The latest global analysis results found in Ref. 58 are shown in
Table 14.1.

Regarding the consistency between the KamLAND and solar neutrino experiments on
the values of ∆m2

21 and θ12, it has been noted that there is a ∼ 2σ level tension between
the best-fit value of ∆m2

21 determined by the KamLAND collaboration and that obtained
from analyses using global solar neutrino data [59]. The solar data prefer lower ∆m2

21
value. The KamLAND and global solar best-fit values of θ12 are consistent.

June 5, 2018 19:50

KamLAND:

�m2
21 ⇠ 7.5 ⇥ 10�5 eV2

|�m2
31| ⇡ |�m2

32| ⇠ 2.5 ⇥ 10�3 eV2

Vacuum:
averaged osc
⇠ 68% ⌫1

⇠ 30% ⌫2

⇠ 2% ⌫3

MSW:
> 90% ⌫2
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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Solar Sector: {12}
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Figure 14.10: Electron neutrino survival probability as a function of neutrino
energy. The points represent, from left to right, the Borexino pp, 7Be, pep, and 8B
data (black points) and the SNO+SK 8B data (red point). The three Borexino 8B
data points correspond, from left to right, to the low-energy (LE) range, LE+HE
range, and the high-energy (HE) range. The electron neutrino survival probabilities
from experimental points are determined using a high metalliticy SSM from
Ref. 281. The error bars represent the ±1σ experimental + thoretical uncertainties.
The curve corresponds to the ±1σ prediction of the MSW-LMA solution using the
parameter values given in Ref. 282. This figure is provided by A. Ianni.

14.11. Measurements of |∆m2
31(32)| and θ23, and related topics

The first compelling evidence for the neutrino oscillation was νµ disappearance
observed by the Super-Kamiokande Collaboration in 1998 [17] in the measurement
of atmospheric neutrinos produced by cosmic-ray interactions in the atmosphere. The
analysis was performed using the 2-neutrino mixing νµ survival probability assuming
νµ → ντ oscillations, Eq. (14.54) with l = µ, θ = θ23, ∆m2 = ∆m2

31 and x = τ (or
Eq. (14.44) with l = l′ = µ, n = 3, |Uµ3|2 = cos2 θ13 sin2 θ23

∼= sin2 θ23). A striking
feature of atmospheric neutrino oscillations was a surprisingly large mixing angle θ23.
Whether mixing is maximal, i.e., θ23 = π/4, or, if not, in which octant θ23 lies, is one
of the questions drawing much interest in neutrino physics because the measurement
of certain fundamental physical observables depends on the value of sin2 θ23 (see, e.g.,
Sections 14.2 and 14.8.1). The high precision measurement of sin2 θ23 will provide also a
test of a large class of theories of neutrino masses and mixing, based, in particular, on
discrete symmetries (see, e.g., the first three articles quoted in Ref. 96 and Ref. 285).
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Lack of observation of upturn at low E

Tension in �m2
21

Non observation of low-energy turn up 8
B neutrino spectrum measured.

Observations indicates:

I Pee ⇠ 30% at high energy
(8B, hep).

Vacuum Matter

I Pee ⇠ 60% at low energy (pp, 7
Be, CNO

and low 8
B).

13 / 33

Phys. Rev. D 98, 030001 (2018) Eur.Phys.J. A52 (2016) no.4, 87
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D/N asymmetry

Tension in �m2
21

Observation of a larger day/night asymmetry than predicted by
KamLAND.

⌫

⌫

Night

Day

14 / 33

Phys. Rev. D94, 052010 (2016)

SK/SNO

day night

KamLAND

C Solar neutrinos 239

of the Sun. Hyper-K, with its unprecedented statistical power, could measure the solar neutrino

flux over short time periods. Therefore, short time variability of the temperature in the solar core

could be monitored by the solar neutrinos in Hyper-K.
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FIG. 156. Allowed neutrino oscillation parameter region from all the solar neutrino experiments (green),

reactor neutrino from KamLAND (blue) and combined (red) from one to five sigma lines and three sigma

filled area. The star shows the best fit parameter from the solar neutrinos. The contour of the expected

day-night asymmetry with 6.5 MeV (in kinetic energy) energy threshold is overlaid.

1. Background estimation

The major background sources for the 8B solar neutrino measurements are the radioactive

spallation products created by cosmic-ray muons [219] and the radioactive daughter isotopes of

222Rn in water. The spallation products is discussed in detail in the paragraph II.4 A 3 3.2, and the

rate of spallation which result in relevant backgrounds is 2.7 times higher in Hyper-K compared to

Super-K because of its shallow depth. As the radioactive daughter isotopes, 222Rn is an important

background source for the spectrum upturn measurement. First of all, the water purification system

must achieve 222Rn levels similar to that achieved at Super-K. Furthermore, this background level

must be achieved across the full fiducial volume, unlike at Super-K, where only a limited volume
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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Figure 12: Prediction for B−neutrino spectrum at Borexino versus with experimental data
[16]. The neutrino parameters and solar model are the same as in fig. 8.

rotation (36)). Since ∆m2
01 ≪ ∆m2

21 ≪ ∆m2
31, the mass squared difference of ν3 and ν0

equals
∆m2

30 ≈ ∆m2
31 = 2.5 · 10−3 eV2.

For this value of ∆m2
30 the mixing angle β is restricted by the atmospheric neutrino data

[27]:
sin2 β ≤ 0.2− 0.3, (90% C.L.)

and by the MINOS searches for depletion of the neutral current events [28]. For zero 1-3
mixing the bound β < 28.8◦ has been established [28] which corresponds to

sin2 β ≤ 0.23, (90% C.L).

In the presence of non-zero 1-3 mixing the bound becomes much weaker.

If sin2 β ∼ 0.2, then according to [29] the sterile neutrinos practically equilibrate before
the BBN epoch both in the resonance channel and in non-resonance channels, i.e. in neutrino
and antineutrino channels. Consequently, in the epoch of nucleosynthesis and latter the
additional effective number of neutrinos is

∆Neff ≈ 1.
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FIG. 1. The effect of the scalar NSI on the reactor anti-
neutrino oscillation probabilities at (a) Daya Bay and (b)
JUNO.

is always associated with the scalar NSI contribution as
MδM † + M †δM . In this sense, the scalar NSI is also
totally different from the vector NSI.
The vector NSI always conserves chirality which is no

longer true for the scalar NSI. The latter can only ap-
pear as correction to the neutrino mass that flips chiral-
ity [26, 27], in contrary to previous studies [28]. Note
that the scalar NSI is not suppressed with either non-
relativistic environmental fermion f , ⟨mf/Ef ⟩ ≈ 1 [26],
or relativistic neutrinos since neutrino oscillation directly
probes the neutrino mass term, M + δM . As long as the
correction δM is comparable with the already tiny neu-
trino mass termM , the scalar NSI can have sizable effect.

Phenomenological Consequences – Neutrino oscillation
probes not only neutrino mixing but also the neutrino
interactions with medium. Wolfenstein pointed out that
“even if all neutrinos are massless it is possible to have
oscillations occur when neutrinos pass through matter”
[2]. He estimated “the oscillation length in matter of
normal density is of the order 109 cm” (104 km) which
is inversely proportional to the matter potential. In the
absence of the genuine mass term, the vector NSI leads
to an oscillation phase eiV L and hence the oscillation
length L ∝ 1/V is independent of the neutrino energy
but is only a function of the medium density.
Nowadays, we have already measured neutrino oscilla-

tion attributed to mass splittings that lead to an oscilla-
tion phase ei∆m2

ijL/4Eν and hence the oscillation length is
proportional to the neutrino energy, L ∝ Eν/∆m2

ij . But
the question is whether the measured mass splittings are
the genuine one M from the fundamental Lagrangian or
the faked mass matrix δM by the scalar NSI. Even in the
absence of the genuine mass matrix, oscillation can still
happen due to the scalar NSI [29]. There is no essential
difference between the genuine mass term and the one
induced by the scalar NSI.
Its dependence on the matter density can help us to

identify the scalar NSI. While the genuine mass matrix
M is independent of environmental conditions, the scalar
NSI contribution δM̃ scales with the matter density. The
oscillation probability can feel the matter density varia-
tions along baseline. For short-baseline terrestrial exper-
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FIG. 2. The solar neutrino convertion probabilities with (a)
the vector and (b) the scalar NSIs, together with the Borexino
measurement [39] of the pp, 7Be, and pep fluxes.

iments, the variation in the matter density is negligible
and one combination of M and δM can be redefined as
the effectively measured mass matrix M̃re. Since the rec-
tor experiments such as KamLAND [30], Daya Bay [31],
and RENO [32] give the most precise measurements, not
to say the future JUNO [33], we implement the mat-
ter density subtraction at their typical matter density
ρs = 2.6 g/cm3 [34],

M̃ + δM̃(ρ) ≡ M̃re + δM̃(ρs)
ρ− ρs
ρs

, (9)

for both neutrino and anti-neutrino modes. With ρ = ρs,
the effective mass matrix is exactly the reconstructed one
M̃re ≡ M̃ + δM̃(ρs) = UνDνU †

ν where δM̃(ρs) is actu-
ally (8) fixed at the subtraction density ρs. We imple-
ment these in the NuPro package [35] for the simulations
across this paper. The Fig. 1 shows that the scalar NSI
has large effects at both Daya Bay and JUNO. Never-
theless, the reactor experiments are not enough since the
density subtraction in (9) can eliminate the effects of the
scalar NSI. A global effort of combining different types of
experiments is necessary to distinguish the genuine neu-
trino mass matrix and the scalar NSI correction.
We show the effect of the scalar NSI on the solar neu-

trino convertion in Fig. 2, with a similar plot of the vec-
tor NSI for comparison. Different from the vector one,
the scalar NSI is energy independent and hence not sup-
pressed at low energy. In addition, the SNO neutrinos ex-
perience much higher matter density [36] than the Kam-
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4

A strategic location

KamLAND

Daya Bay 
Near Daya Bay 

Far

JUNO

• JUNO will be located very near the optimal position for distinguishing between 
the mass hierarchies: the solar oscillation maximum (~53 km)

- The chosen location is equidistant from two major nuclear power plants 
(10 reactors) that provide a high flux of antineutrinos

Pve→ve
= 1− sin2 2θ13 cos

2θ12 sin
2 Δm31

2 L
4E

− sin2 2θ13 sin
2θ12 sin

2 Δm32
2 L
4E

− cos4θ13 sin
2 2θ12 sin

2 Δm21
2 L

4E

5

Size and Concept
• Given these constraints (the larger baseline and the physics goals) the 

detector will have to be extremely large:

17,000 20-inch PMTs
25,000 3-inch PMTs

In fact, JUNO will 
be the largest 

liquid scintillator 
(LS) detector so 

far in history! 

LS Detectors Daya Bay Borexino KamLAND JUNO
Target Mass 20 t x 8 300 t 1 kt 20 kt

Similar in concept 
to previous LS 

experiments, but 
much LARGER

JUNO
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Nominal + B2B (1%) + BG + EL (1%) + NL (1%)
sin2 θ12 0.54% 0.60% 0.62% 0.64% 0.67%
∆m2

21 0.24% 0.27% 0.29% 0.44% 0.59%
|∆m2

ee| 0.27% 0.31% 0.31% 0.35% 0.44%

Table 3-2: Precision of sin2 θ12, ∆m2
21 and |∆m2

ee| from the nominal setup to those including
additional systematic uncertainties. The systematics are added one by one from left to right.

In the following a study of the effects of important systematic errors, including the bin-to-bin (B2B)
energy uncorrelated uncertainty, the energy linear scale (EL) uncertainty and the energy non-linear
(NL) uncertainty, will be discussed and the influence of background (BG) will be presented. As a
benchmark, 1% precision for all the considered systematic errors is assumed. The background level
and uncertainties are the same as in the previous chapter for the MH determination. In Table 3-
2, we show the precision of sin2 θ12, ∆m2

21 and |∆m2
ee| from the nominal setup to those including

additional systematic uncertainties. The systematics are added one by one. Note the energy-related
uncertainties are more important because the sensitivity is mostly from the spectrum distortion
due to neutrino oscillations.

In summary, for the precision measurements of oscillation parameters, we can achieve the preci-
sion level of 0.5%−0.7% for the three oscillation parameters sin2 θ12, ∆m2

21 and |∆m2
ee|. Therefore,

precision tests of the unitarity of the lepton mixing matrix in Eq. (3.1), and the mass sum rule in
Eq. (3.4) are feasible at unprecedented precision levels.

3.3 Tests of the standard three-neutrino paradigm

In this section, the strategy for testing the standard three-neutrino paradigm including the unitarity
of the lepton mixing matrix and the sum rule of the mass-squared differences will be discussed.
As only the lepton mixing elements of the electron flavor are accessible in reactor antineutrino
oscillations, we here focus on testing the normalization condition in the first row of U as shown in
Eq. (3.1). It should be noted that the θ12 measurement in JUNO is mainly from the energy spectrum
measurement, and θ13 in Daya Bay is from the relative rate measurement. Therefore, an absolute
rate measurement from either reactor antineutrino experiments or solar neutrino experiments is
required to anchor the total normalization for the first row of U . For the test of the mass sum rule,
an additional independent mass-squared difference is needed, where the most promising one is that
from the long-baseline accelerator muon-neutrino disappearance channel, i.e., ∆m2

µµ.
To explain non-zero neutrino masses in new physics beyond the Standard Model (SM), a large

class of models introduces additional fermion singlets to mix with the SM neutrinos. Thus the full
neutrino mixing matrix will be enlarged, and an effective 3× 3 non-unitary mixing matrix emerges
when one integrates out all those heavy fermion singlets (i.e., sterile neutrinos). The distinct effects
within this class of SM extensions are well described by an effective field extension of the SM, called
the Minimal Unitarity Violation (MUV) scheme. The MUV extension of the SM, characterized by
two non-renormalizable effective operators, is defined as

LMUV = LSM + δLd=5 + δLd=6

= LSM +
1

2
cd=5
αβ

(
Lc

αφ̃
∗
)(

φ̃† Lβ

)
+ cd=6

αβ

(
Lαφ̃

)
i ∂̸

(
φ̃†Lβ

)
+H.c. , (3.9)

where φ denotes the SM Higgs field, which breaks the electroweak (EW) symmetry spontaneously
after acquiring the vacuum expectation value (vev) vEW ≃ 246GeV, and Lα represents the lepton
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To explain non-zero neutrino masses in new physics beyond the Standard Model (SM), a large
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Figure 4: An illustration of the sensitivity of the mass ordering measurement ∆χ2
MO as a

function of the matter potential index η ≡ A(ρ)/A(ρ = 2.6 g/cm3). The vertical dashed line

with η ≃ 1 or 0.77 stands for the terrestrial matter density ρ ≃ 2.6 g/cm3 or 2.0 g/cm3,

respectively. The value of ∆χ2
MO for η ≃ 0, 0.77 or 1 is 10.28, 9.79 or 9.64, respectively.

Figure 5: The allowed regions of ∆21 and θ12 with (left panel) and without (right panel)

including terrestrial matter effects in the predictions. The matter density ρ ≃ 2.6 g/cm3 is

assumed in the measurements. The red stars denote the true values of ∆21 and θ12, and the

blue dot is the best-fit point when the terrestrial matter effects are omitted.
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REACTOR  NEUTRINOS:
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4

method insensitive to the correlated uncertainties of ex-
pected reactor ⌫e flux and spectrum as well as detection
efficiency. For determination of |�m2

ee| and ✓13 simul-
taneously, a �2 with pull parameter terms of systematic
uncertainties is constructed using the spectral ratio mea-
surement and is minimized by varying the oscillation pa-
rameters and pull parameters as described in Refs. [7, 8].

The systematic uncertainty sources are embedded by
pull parameters with associated systematic uncertainties.
The pull parameters allow variations from the expected
far-to-near ratio of IBD events within their corresponding
systematic uncertainties. The uncorrelated reactor-flux
uncertainty is 0.9%, the uncorrelated detection ratio un-
certainty is 0.21%, the uncorrelated energy scale uncer-
tainty is 0.15%, and the background uncertainty is 5.61%
and 3.26% for far and near detectors, respectively.

The best-fit values obtained from the rate and spec-
tral analysis are sin2 2✓13 = 0.0896 ± 0.0048(stat) ±
0.0047(syst) and |�m2

ee| = [2.68 ± 0.12(stat) ±
0.07(syst)] ⇥ 10�3 eV2 with �2/NDF = 47.4/66, where
NDF is the number of degrees of freedom. The statis-
tical errors are reduced almost by a factor of two with
respect to the previous measurement [7, 8]. The sys-
tematic error of |�m2

ee| is significantly reduced by 45%
while that of sin2 2✓13 is reduced by 15%. The back-
ground uncertainty contributes ±0.0021 to the system-
atic error of sin2 2✓13. The dominant contribution to the
systematic error is due to the uncertainties of reactor flux
(±0.0032) and detection efficiency (±0.0032). The sys-
tematic error of |�m2

ee| comes mostly from the energy
scale uncertainty. The measured value of |�m2

ee| corre-
sponds to |�m2

32| = (2.63± 0.14)⇥ 10�3 eV2 for the nor-
mal neutrino mass ordering and (2.73± 0.14)⇥ 10�3 eV2

for the inverted neutrino mass ordering, using measured
oscillation parameters of sin2 ✓12 = 0.307 ± 0.013 and
�m2

21 = (7.53± 0.18)⇥ 10�5 eV2 [20].
Figure 2 shows the background-subtracted, IBD

prompt energy spectrum at the far detector compared to
the one expected with no oscillation and the one expected
with the best-fit oscillation parameters at the far detec-
tor. The expected spectrum with no oscillation at the
far detector is obtained by weighting the measured spec-
trum at the near detector with no-oscillation assumptions
in order to include the 5-MeV excess. The expected spec-
trum with the best-fit oscillation parameters is obtained
by applying the measured values of sin2 2✓13 and |�m2

ee|
to the one expected with no oscillation at the far detec-
tor. The observed spectrum at the far detector shows a
clear energy dependent disappearance of reactor ⌫e con-
sistent with neutrino oscillations. Figure 3 shows 68.3,
95.5, and 99.7% C.L. allowed regions for the neutrino
oscillation parameters |�m2

ee| and sin2 2✓13.
The survival probability of reactor ⌫e is a function of

a baseline over neutrino energy. Because of having mul-
tiple reactors as neutrino sources, an effective baseline
Le↵ is defined by the reactor-detector distance weighted
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FIG. 2. Top: comparison of the observed IBD prompt spec-
trum in the far detector (dots) with the no-oscillation predic-
tion (blue shaded histogram) obtained from the measurement
in the near detector. The prediction from the best-fit os-
cilation parameters is also shown (yellow shaded histogram).
Both blue and yellow bands represent uncertainties. Bottom:
ratio of IBD events measured in the far detector to the no-
oscillation prediction (dots) and the ratio from the MC simu-
lation with best-fit results folded in (shaded band). Errors
include the statistical and background subtraction uncertain-
ties.
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ee| (right) are also shown with an 1� band. The rate-only
result for sin2 2✓13 is shown by the cross.

by the IBD event rate from each reactor. Figure 4 shows
the measured survival probability of reactor ⌫e in the far
detector as a function of an effective baseline Le↵ over
⌫e energy E⌫ . The observed Le↵/E⌫ distribution is ob-
tained by summing up the daily distributions weighted
by a daily IBD rate. The measured survival probability
is obtained by the ratio of the observed IBD events to the
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FIG. 4. Measured reactor ⌫e survival probability in the far
detector as a function of Le↵/E⌫ . The curve is a predicted
survival probability, obtained from the observed probability
in the near detector, for the best-fit values of |�m2

ee| and
sin2 2✓13. The Le↵/E⌫ value of each data point is given by
the average of the counts in each bin.

expected ones with no oscillation in each bin of Le↵/E⌫ .
A predicted survival probability is obtained from the ob-
served probability distribution in the near detector and
the best-fit oscillation values. A clear Le↵/E⌫-dependent
disappearance of reactor ⌫e is observed and demonstrates
the periodic feature of neutrino oscillation.

In summary, RENO has observed clear energy depen-
dent disappearance of reactor ⌫e using two identical de-
tectors, and obtains sin2 2✓13 = 0.0896 ± 0.0068 and
|�m2

ee| = (2.68 ± 0.14) ⇥ 10�3 eV2 based on the mea-
sured periodic disappearance expected from neutrino os-
cillations. With the increased statistics of the 2 200 day
data sample and the reduced background rates, RENO
has produced a precise measurement of the reactor ⌫e
oscillation amplitude and frequency. The measured un-
certainty is reduced from 0.0100 to 0.0068 for sin2 2✓13
and from 0.25⇥ 10�3 eV2 to 0.14⇥ 10�3 eV2 for |�m2

ee|,
relative to the previous measurement [7, 8]. The RENO’s
measured values of sin2 2✓13 and |�m2

32| are compared
with other experimental results in Fig. 5. It would pro-
vide an important information on the determination of
the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment.

The RENO experiment is supported by the National
Research Foundation of Korea (NRF) Grant No. 2009-
0083526 funded by the Korea Ministry of Science and
ICT. Some of us have been supported by a fund from the
BK21 of the NRF and Institute for Basic Sicence grant
No. IBS-R017-G1-2018-a00. We gratefully acknowledge
the cooperation of the Hanbit Nuclear Power Site and
the Korea Hydro and Nuclear Power Co., Ltd. (KHNP).
We thank KISTI for providing computing and network
resources through GSDC, and all the technical and ad-
ministrative people who greatly helped in making this
experiment possible.
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TABLE I. Summary of signal and backgrounds. Rates are corrected for the muon veto and multiplicity selection efficiencies "µ · "m. The
procedure for estimating accidental, fast neutron, Am-C, and (↵,n) backgrounds is unchanged from Ref. [7].

EH1 EH2 EH3
AD1 AD2 AD3 AD8 AD4 AD5 AD6 AD7

⌫e candidates 830036 964381 889171 784736 127107 127726 126666 113922
DAQ live time (days) 1536.621 1737.616 1741.235 1554.044 1739.611 1739.611 1739.611 1551.945

"µ ⇥ "m 0.8050 0.8013 0.8369 0.8360 0.9596 0.9595 0.9592 0.9595
Accidentals (day�1) 8.27± 0.08 8.12± 0.08 6.00± 0.06 5.86± 0.06 1.06± 0.01 1.00± 0.01 1.03± 0.01 0.86± 0.01

Fast neutron (AD�1 day�1) 0.79± 0.10 0.57± 0.07 0.05± 0.01
9Li/8He (AD�1 day�1) 2.38± 0.66 1.59± 0.49 0.19± 0.08

Am-C correlated(day�1) 0.17± 0.07 0.15± 0.07 0.14± 0.06 0.13± 0.06 0.06± 0.03 0.05± 0.02 0.05± 0.02 0.04± 0.02
13C(↵, n)16O (day�1) 0.08± 0.04 0.06± 0.03 0.04± 0.02 0.06± 0.03 0.04± 0.02 0.04± 0.02 0.04± 0.02 0.04± 0.02

⌫e rate (day�1) 659.36± 1.00 681.09± 0.98 601.83± 0.82 595.82± 0.85 74.75± 0.23 75.19± 0.23 74.56± 0.23 75.33± 0.24

and distance from each core, and oscillation probability. The
6-AD, 8-AD, and 7-AD periods are treated separately in order
to properly handle correlations in reactor ⌫e flux, detector
response, and background.

To evaluate the oscillation parameters, a �2 is defined
in Eq. 3, where the statistical component of the covariance
matrix V is estimated analytically, and the systematic
component is evaluated from simulations:

�2 =
X

i,j

(N far,obs
j �N far,pred

j )(V �1)ij(N
far,obs
i �N far,pred

i ).

(3)
This approach is described in detail as Method A in Ref. [7].

Using this method, values of sin2 2✓13=0.0856±0.0029
and �m2

ee=(2.522+0.068
�0.070)⇥10�3 eV2 are obtained, with

�2/NDF = 148.0/154. Consistent results are obtained
using Methods B or C in Ref. [7]. Analysis using the exact
⌫e disappearance probability for three-flavor oscillations
yields �m2

32 = (2.471+0.068
�0.070) ⇥ 10�3 eV2 (�m2

32 =

�(2.575+0.068
�0.070) ⇥ 10�3 eV2) assuming normal (inverted)

hierarchy. Statistics contribute 60% (50%) to the total
uncertainty in the sin2 2✓13 (�m2

ee) measurement. The
systematic uncertainty of sin2 2✓13 is dominated by the
detection efficiency uncertainty uncorrelated among detectors
and the reactor ⌫e flux prediction, while that of �m2

ee is
dominated by the uncorrelated energy scale uncertainty.

The reconstructed prompt energy spectrum observed in the
far site is shown in Fig. 3, as well as the best-fit predictions.
The 68.3%, 95.5%, and 99.7% C.L. allowed regions in the
�m2

ee- sin2 2✓13 plane are shown in Fig. 4.
In summary, new measurements of sin2 2✓13 and �m2

ee are
obtained with 1958 days of data and reduced systematic
uncertainties. This is the most precise measurement of
sin2 2✓13, and the precision of �m2

32 is comparable to that
of the accelerator-based experiments [17–19].

Daya Bay is supported in part by the Ministry of Science
and Technology of China, the U.S. Department of Energy,
the Chinese Academy of Sciences, the CAS Center for
Excellence in Particle Physics, the National Natural Science
Foundation of China, the Guangdong provincial government,
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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In vacuum the electron neutrino disappearance is

Pee = 1� 4|Ue2|
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P (⌫̄e ! ⌫̄e) = 1� P13 � P12 with (1)

P13 = 4|Ue3|2(|Ue1|2 sin2�31 + |Ue2|2 sin2�32) (2)
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Dependence on Solar Parameters:

�m2
ee is ⌫e average of �m2

31 and �m2
32
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21) (5)
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If �m2
21 is 3 times bigger, P12 is 9 times larger !
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2

long baseline neutrino1 oscillation experiments (T2K [7],
NOvA [8], DUNE [9], T2HK [10], T2HKK [11]) as the
size of the CP violation is proportional to �m

2
21, as well

as other parameters. In vacuum, at the first oscillation
peak, L/E ⇠ 0.5 km/MeV, for ⌫µ ! ⌫e:

P (⌫̄µ ! ⌫̄e)� P (⌫µ ! ⌫e) ⇡ ⇡ J

✓
�m

2
21

�m2
31

◆
(3)

where J = sin 2✓12 sin 2✓13 cos ✓13 sin 2✓23 sin � ⇡ 0.3 sin �
is the Jarlskog invariant.

T2K’s data point in the bi-event plane, see Fig 44 of
[12],

N(⌫µ ! ⌫e) = 37 and N(⌫̄µ ! ⌫̄e) = 4

being outside the allowed region (by about 1 �) could
be caused by �m

2
21 being larger than KamLAND value,

twice the KamLAND central value works well. Again,
it is probably a statistical fluctuation but with only one
precision measurement of �m

2
21, other possibilities are

not completely excluded.
The future medium baseline reactor experiment JUNO

(L/E ⇠ 15 km/MeV) will measure �m
2
21 and sin2 ✓12

with better than 1% precision, [13]. However, this exper-
iment is under construction and the precision measure-
ments of the solar neutrino oscillation parameters will
not be available until approximately 5 years from now.
In more than a decade from now, the DUNE & HyperK
proposed experiments will make a precise measurement
of �m

2
21 using solar neutrinos, see [14] and [15] respec-

tively.
In section II, we discuss in detail the e↵ects of chang-

ing �m
2
21 on the oscillation probability. Then in section

III we explain and give the results of a simulation of both
Daya Bay and RENO using 3000 live days of data with
and without systematic uncertainties followed by a con-
clusion.

II. OSCILLATION PROBABILITY

The electron antineutrino disappearance probability,
in vacuum, can be written as

P (⌫̄e ! ⌫̄e) = 1� P13 � P12 with (4)

P13 = sin2 2✓13 (cos
2
✓12 sin

2 �31 + sin2 ✓12 sin
2 �32),

P12 = sin2 2✓12 cos
4
✓13 sin

2 �21,

where ✓12 ⇡ 33� and ✓13 ⇡ 8� are the solar and reactor
mixing angles respectively and the kinematic phases are
given by�jk ⌘ �m

2
jkL/(4E). The P13 term is associated

with the atmospheric oscillation scale of 0.5 km/MeV,

1 In the rest of this paper, when referring to neutrinos, we mean
neutrinos and/or anti-neutrinos.

and the P12 term is associated with the solar oscillation
scale of 15 km/MeV.
Using typical fit values and considering a L/E

range around the first oscillation minimum (L/E =
0.5 km/MeV), we can approximate P13 and P12 as fol-
lows:

P13 ⇡ 0.08 sin2
✓
⇡

2

✓
L/E

0.5 km/MeV

◆◆
(5)

P12 ⇡ 0.002

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

7.5⇥ 10�5 eV2

◆2

.(6)

For �m
2
21 = 7.5⇥10�5 eV2, the P12 term is essentially

negligible for all L/E < 1 km/MeV. This encompasses
the L/E range of all current short baseline experiments.
However, consider the case that �m

2
21 is 3 times larger

than this value, i.e. 22.5⇥ 10�5 eV2, then

P12 ⇡ 0.02

✓
L/E

0.5 km/MeV

◆2 ✓ �m
2
21

22.5⇥ 10�5 eV2

◆2

.(7)

P12 is now no longer negligible compared to P13 at oscilla-
tion minimum (L/E = 0.5 km/MeV) and P12 gets larger
for L/E > 0.5 km/MeV whereas P13 is getting smaller.
In fact, at L/E = 1km/MeV, P12 would be as large as
sin2 2✓13 (0.08) for this value of �m

2
21.

Therefore the short baseline reactor experiments can
constrain �m

2
21 to be less than 2 to 3 times the cur-

rent best fit value depending on the experiment, Daya
Bay or RENO, run time and the confidence level. Set-
ting a lower bound on �m

2
21 will be challenging for these

experiments due to systematic uncertainties. As data
above L/E ⇠ 0.5 km/MeV is important for this con-
strain, the Double Chooz experiment, which has no data
with L/E > 0.5 km/MeV, is not considered.
Since the position of the first oscillation minimum for

P (⌫̄e ! ⌫̄e) is given by

L

E
⇡

2⇡

�m2
ee

, (8)

where �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 (at least for small

�m
2
21), it is natural to write the disappearance probabil-

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin
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cos 2✓12 sin
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21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.
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Since the position of the first oscillation minimum for

P (⌫̄e ! ⌫̄e) is given by

L

E
⇡

2⇡

�m2
ee

, (8)

where �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 (at least for small

�m
2
21), it is natural to write the disappearance probabil-

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin

2 �21

+sin2 2✓13


sin2 |�ee|+ sin2 ✓12 cos

2
✓12�

2
21 cos(2�ee)

�
1

6
cos 2✓12 sin

2 2✓12 �3
21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.



Stephen Parke                                 Nu Seminar / Fermilab                                  3/7/2019        #                      39

3

ity in terms of �m
2
ee and �m

2
21 as follows, [16] & [17]:

1� P (⌫̄e ! ⌫̄e) ⇡ cos4 ✓13 sin
2 2✓12 sin

2 �21

+sin2 2✓13


sin2 |�ee|+ sin2 ✓12 cos

2
✓12�

2
21 cos(2�ee)

�
1

6
cos 2✓12 sin

2 2✓12 �3
21 sin(2�ee) + O(�4

21)

�
. (9)

For �21 < 0.5, only the first two of the terms of RHS of
eq. (9) are larger than 0.005 and therefore relevant for the
analysis2. Since the experiments of interest, Daya Bay
and RENO, have an L/E < 1 km/MeV, the �21 < 0.5
constraint corresponds to a �m

2
21 < 4 ⇥ 10�4 eV2 or

5 times the KamLAND value of 7.5 ⇥10�5 eV2. Using
additional terms of eq. (9) will extent the range of appli-
cability.

For small values of L/E (< 0.2 km/MeV), where there
is large statistics from the near detectors,

1� P (⌫̄e ! ⌫̄e) ⇡ 4
⇥
s
2
13c

2
13 + s

2
12c

2
12c

4
13(�m

2
21/�m

2
ee)

2
⇤

⇥(�m
2
eeL/4E)2. (10)

To keep the disappearance probability the same as we
vary �m

2
21, at these small L/E, we must keep the quan-

tity in [· · · ] in the above equation unchanged. If we also
keep the position of the first minima fixed by holding
�m

2
ee fixed (see eq. (8)), then

s
2
13 + s

2
12c

2
12(�m

2
21/�m

2
ee)

2 = constant ⇡ 0.021

or s
2
13 ⇡ 0.021� 2⇥ 10�4

✓
�m

2
21

7.5⇥ 10�5 eV2

◆2

(11)

to leading order in s
2
13. So as we vary �m

2
21 from Kam-

LAND value of 7.5 ⇥ 10�5eV2, we must also change s
2
13

from 0.021 so as to keep the combination in eq. (11)
unchanged.

In Fig. 1, we show the electron anti-neutrino disap-
pearance probability as function of L/E, keeping the
quantity given in eq. (11) fixed, as we vary �m

2
21 in mul-

tiples of 7.5⇥10�5 eV2. Note that if�m
2
21 > 3⇥10�4 eV2

then there is no minimum3 around L/E ⇡ 0.5 km/MeV.
The red points with error bars, represents the statistical
uncertainties for a detector 1.6 km from a single reactor
core which has 9 ⇥ 105 events. Clearly, an experimen-
tal setup with this number of events in the far detector,
1.6 km from a reactor core, will be able to set an upper
limit smaller than 3 times the KamLAND central value

2 For small �21, the disappearance probability depends on
only three variables; sin2 ✓13, �m2

ee and the combination
�m2

21 sin 2✓12.
3 For �21 < 1, so that sin�21 ⇡ �21, one can find the minima by
finding �ee such that,

�m2
21

�m2
ee

= �
2 tan ✓13
sin 2✓12

sin 2�ee

2�ee
.

This eq. has no solutions if �m2
21 > 0.15�m2

31 or ⇠ 4 times the
KamLAND central value.

FIG. 1. The exact electron anti-neutrino disappearance prob-
ability (solid) as a function of L/E as �m2

21 is varied in
multiples (labels =(0, .., 6, 10)) of the KamLAND value of
7.5 ⇥ 10�5 eV2. ✓13 is also varied, see eq. (11), to keep
the same disappearance probability for L/E < 0.2 km/MeV.
The red points with error bars, are the statistical uncertain-
ties only, for a detector at 1.6 km from a reactor core with
an exposure such that there are 900k events in this detector
assuming the KamLAND value for �m2

21. This number of
events corresponds to 3,000 days of Daya Bay data, see Table
I . This figure demonstrates that the Daya Bay experiment
can put an upper limits on �m2

21 of approximately 2 times
the KamLAND central value or smaller, assuming the system-
atic uncertainties are smaller than the statistical uncertainties
shown here. The dotted line is the two term approximation
to the disappearance probability, see eq. (9).

for �m
2
21 assuming systematic uncertainties are no larger

than the statistical uncertainties. A lower limit on �m
2
21

will be challenging.
In the rest of this paper, we report on a simulation

of the setups for Daya Bay and RENO experiments, to
estimate the constraints these experiments can place on
�m

2
21.

III. SIMULATIONS FOR DAYA BAY AND

RENO USING GLOBES

Our sensitivity study on �m
2
21 for the short baseline

reactor experiments, Daya Bay and RENO, is performed
using GLoBES [18]. In this study 3000 live days of data
are assumed for both experiments and systematic uncer-
tainties are taken into account as described in [19] for
Daya Bay and [20] for RENO. Table I lists the e↵ec-
tive baselines, Le↵ , and the number of observed IBD ⌫e

events per day used.
To find the best fit values of �m

2
21 and sin2(2✓13), a

5

 (km/MeV)νE/effL
0 0.2 0.4 0.6 0.8

) eν 
→ eν(P

0.9

0.95

1

Far Data
Near Data
Prediction from near data

FIG. 4. Measured reactor ⌫e survival probability in the far
detector as a function of Le↵/E⌫ . The curve is a predicted
survival probability, obtained from the observed probability
in the near detector, for the best-fit values of |�m2

ee| and
sin2 2✓13. The Le↵/E⌫ value of each data point is given by
the average of the counts in each bin.

expected ones with no oscillation in each bin of Le↵/E⌫ .
A predicted survival probability is obtained from the ob-
served probability distribution in the near detector and
the best-fit oscillation values. A clear Le↵/E⌫-dependent
disappearance of reactor ⌫e is observed and demonstrates
the periodic feature of neutrino oscillation.

In summary, RENO has observed clear energy depen-
dent disappearance of reactor ⌫e using two identical de-
tectors, and obtains sin2 2✓13 = 0.0896 ± 0.0068 and
|�m2

ee| = (2.68 ± 0.14) ⇥ 10�3 eV2 based on the mea-
sured periodic disappearance expected from neutrino os-
cillations. With the increased statistics of the 2 200 day
data sample and the reduced background rates, RENO
has produced a precise measurement of the reactor ⌫e
oscillation amplitude and frequency. The measured un-
certainty is reduced from 0.0100 to 0.0068 for sin2 2✓13
and from 0.25⇥ 10�3 eV2 to 0.14⇥ 10�3 eV2 for |�m2

ee|,
relative to the previous measurement [7, 8]. The RENO’s
measured values of sin2 2✓13 and |�m2

32| are compared
with other experimental results in Fig. 5. It would pro-
vide an important information on the determination of
the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment.

The RENO experiment is supported by the National
Research Foundation of Korea (NRF) Grant No. 2009-
0083526 funded by the Korea Ministry of Science and
ICT. Some of us have been supported by a fund from the
BK21 of the NRF and Institute for Basic Sicence grant
No. IBS-R017-G1-2018-a00. We gratefully acknowledge
the cooperation of the Hanbit Nuclear Power Site and
the Korea Hydro and Nuclear Power Co., Ltd. (KHNP).
We thank KISTI for providing computing and network
resources through GSDC, and all the technical and ad-
ministrative people who greatly helped in making this
experiment possible.
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TABLE I. Summary of signal and backgrounds. Rates are corrected for the muon veto and multiplicity selection efficiencies "µ · "m. The
procedure for estimating accidental, fast neutron, Am-C, and (↵,n) backgrounds is unchanged from Ref. [7].

EH1 EH2 EH3
AD1 AD2 AD3 AD8 AD4 AD5 AD6 AD7

⌫e candidates 830036 964381 889171 784736 127107 127726 126666 113922
DAQ live time (days) 1536.621 1737.616 1741.235 1554.044 1739.611 1739.611 1739.611 1551.945

"µ ⇥ "m 0.8050 0.8013 0.8369 0.8360 0.9596 0.9595 0.9592 0.9595
Accidentals (day�1) 8.27± 0.08 8.12± 0.08 6.00± 0.06 5.86± 0.06 1.06± 0.01 1.00± 0.01 1.03± 0.01 0.86± 0.01

Fast neutron (AD�1 day�1) 0.79± 0.10 0.57± 0.07 0.05± 0.01
9Li/8He (AD�1 day�1) 2.38± 0.66 1.59± 0.49 0.19± 0.08

Am-C correlated(day�1) 0.17± 0.07 0.15± 0.07 0.14± 0.06 0.13± 0.06 0.06± 0.03 0.05± 0.02 0.05± 0.02 0.04± 0.02
13C(↵, n)16O (day�1) 0.08± 0.04 0.06± 0.03 0.04± 0.02 0.06± 0.03 0.04± 0.02 0.04± 0.02 0.04± 0.02 0.04± 0.02

⌫e rate (day�1) 659.36± 1.00 681.09± 0.98 601.83± 0.82 595.82± 0.85 74.75± 0.23 75.19± 0.23 74.56± 0.23 75.33± 0.24

and distance from each core, and oscillation probability. The
6-AD, 8-AD, and 7-AD periods are treated separately in order
to properly handle correlations in reactor ⌫e flux, detector
response, and background.

To evaluate the oscillation parameters, a �2 is defined
in Eq. 3, where the statistical component of the covariance
matrix V is estimated analytically, and the systematic
component is evaluated from simulations:

�2 =
X

i,j

(N far,obs
j �N far,pred

j )(V �1)ij(N
far,obs
i �N far,pred

i ).

(3)
This approach is described in detail as Method A in Ref. [7].

Using this method, values of sin2 2✓13=0.0856±0.0029
and �m2

ee=(2.522+0.068
�0.070)⇥10�3 eV2 are obtained, with

�2/NDF = 148.0/154. Consistent results are obtained
using Methods B or C in Ref. [7]. Analysis using the exact
⌫e disappearance probability for three-flavor oscillations
yields �m2

32 = (2.471+0.068
�0.070) ⇥ 10�3 eV2 (�m2

32 =

�(2.575+0.068
�0.070) ⇥ 10�3 eV2) assuming normal (inverted)

hierarchy. Statistics contribute 60% (50%) to the total
uncertainty in the sin2 2✓13 (�m2

ee) measurement. The
systematic uncertainty of sin2 2✓13 is dominated by the
detection efficiency uncertainty uncorrelated among detectors
and the reactor ⌫e flux prediction, while that of �m2

ee is
dominated by the uncorrelated energy scale uncertainty.

The reconstructed prompt energy spectrum observed in the
far site is shown in Fig. 3, as well as the best-fit predictions.
The 68.3%, 95.5%, and 99.7% C.L. allowed regions in the
�m2

ee- sin2 2✓13 plane are shown in Fig. 4.
In summary, new measurements of sin2 2✓13 and �m2

ee are
obtained with 1958 days of data and reduced systematic
uncertainties. This is the most precise measurement of
sin2 2✓13, and the precision of �m2

32 is comparable to that
of the accelerator-based experiments [17–19].

Daya Bay is supported in part by the Ministry of Science
and Technology of China, the U.S. Department of Energy,
the Chinese Academy of Sciences, the CAS Center for
Excellence in Particle Physics, the National Natural Science
Foundation of China, the Guangdong provincial government,
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background components on a logarithmic scale.
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We demonstrate that the currently running short baseline reactor experiments, especially Daya
Bay, can put a significant upper bound on �m2

21. This novel approach to determining �m2
21 can be

performed with the current data of both Daya Bay & RENO and provides additional information on
�m2

21 in a di↵erent L/E range (⇠ 0.5 km/MeV) for an important consistency check on the 3 flavor
massive neutrino paradigm. A measurement by Daya Bay and limit by RENO will be the only new
information on this important quantity until the medium baseline reactor experiment, JUNO, gives
a very precise measurement early in the next decade.

I. INTRODUCTION

The fact that neutrinos have mass and mix is now well
established by a large number of experiments. In this pa-
per we concentrated on the mass di↵erence squared be-
tween the two mass eigenstates that have the most elec-
tron neutrino, ⌫1 and ⌫2. The splitting between these two
neutrinos, �m

2
21 ⌘ m

2
2�m

2
1, is responsible for the (anti-)

neutrino oscillations observed at an L/E = 15 km/MeV
and for the neutrino flavor transformations inside the
Sun, hence the name the solar mass squared di↵erence.

In this paper, we demonstate that the currently run-
ning short baseline (⇠1.5 km) reactor anti-neutrino ex-
periments, Daya Bay [1] and RENO [2] both have enough
data already collected to constrain �m

2
21 to be less than

3 times the KamLAND central value (7.5 ⇥ 10�5 eV2).
By the end of the running time of these experiments, they
will be able to constrain this parameter to less than twice
the KamLAND value. Setting a lower limit maybe pos-
sible for the Daya Bay experiment with improvements
on their systematic uncertainties. Upper, and maybe
lower, limits from Daya Bay and RENO, will add in-
dependent information to our knowledge of �m

2
21 and

provide an important consistency check of the 3 flavor
massive neutrino paradigm. While not capable of di-
rectly addressing the ⇠2� tension between KamLAND
[3] reactor experiment (L/E ⇠ 50 km/MeV) and the
combined Super KamiokANDE [4] & Sudbury Neutrino
Observatory [5] solar neutrino measurements of �m

2
21,

measurements of �m
2
21 by Daya Bay and RENO are at a

⇤ sunny.seo@ibs.re.kr; 0000-0002-1496-624X
† parke@fnal.gov; 0000-0003-2028-6782

di↵erent L/E range (⇠ 0.5 km/MeV) than previous mea-
surements. Furthermore, the ratio of �m

2
21 to �m

2
31, at

L/E ⇠ 0.5 km/MeV, is needed by the long baseline ⌫e

appearance experiments for the precision measurement
of leptonic CP violation.
Currently the best measurement of the solar mass

squared di↵erence, �m
2
21, is from the long baseline re-

actor anti-neutrino experiment, KamLAND, which has
determined

�m
2
21 = 7.50+0.20

�0.20 ⇥ 10�5 eV2
, (1)

see [3]. The only other measurement of�m
2
21 comes from

a combined measurement using the solar neutrino exper-
iments principle Super KamiokaNDE (SK) and Sudbury
Neutrino Observatory (SNO). This combined measure-
ment is

�m
2
21 = 5.1+1.3

�1.0 ⇥ 10�5 eV2
, (2)

from SNO [5]. Similar results can be found in SK [4] and
Nu-Fit [6]. This solar neutrino determination of �m

2
21

comes from the non-observation of the low energy up turn
of the 8B neutrino survival probability by both SNO and
SK and the observation of a day-night asymmetry by SK.
CPT invariance implies that the �m

2
21 measured in re-

actor anti-neutrinos and solar neutrinos should be iden-
tical. However, at the 2� level there is some tension be-
tween these two determinations of this important quan-
tity. This tension could arise from a statistical fluctu-
ation, some error in the analysis of one or more of the
experiments or new physics.
Moreover, �m

2
21 is an important parameter for the

determination of the CP-violating phase, �, in the
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TABLE I. Le↵ and observed IBD ⌫e rates for Daya Bay and RENO derived from the GLoBES settings used in this study.

Daya Bay RENO

Le↵ (m) Near (400.4, 512.6) 367.0

Far 1610 1440

IBD ⌫e rate Near (1320, 1195) 617.2

(/day) Far 297.8 61.35

FIG. 2. (Color online) Contour plot of �m2
21 vs. sin2 2✓13 for the RENO experiment (left column) and Daya Bay (right column)

without (top row) and with (bottom row) systematic uncertainties. 3000 live days of data with 61 & 298 IBD ⌫e events/day
in the far detector were used, for RENO & Daya Bay respectively. Red, blue, and green lines represent 1�, 2�, and 3� (2 dof)
allowed regions, respectively. The point “⇥” is the input for the simulation given by eq. 13. In the bottom row, we also show
the 1� uncertainty band on �m2

21 from KamLAND (cyan) and SNO/SK (yellow), see eq. 1 and 2.

Simulation
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21 vs. sin2 2✓13 for the RENO experiment (left column) and Daya Bay (right column)

without (top row) and with (bottom row) systematic uncertainties. 3000 live days of data with 61 & 298 IBD ⌫e events/day
in the far detector were used, for RENO & Daya Bay respectively. Red, blue, and green lines represent 1�, 2�, and 3� (2 dof)
allowed regions, respectively. The point “⇥” is the input for the simulation given by eq. 13. In the bottom row, we also show
the 1� uncertainty band on �m2
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L/E ⇠ 0.5 km/MeV compared to KamLAND L/E ⇠ 50 km/MeV

dependence is on sin 2✓12�m2
21

perfect resolution, not 3%/
p
E/1 MeV
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the null hypothesis H0 is the three-neutrino model and the al-
ternative hypothesis H1 is the four-neutrino model with fixed
sin2 2✓14 and |�m

2
41|. The CLs value is defined as

CLs =
1� p1

1� p0
, (5)

where p0 and p1 are the p-values for the three-neutrino and
4-neutrino hypotheses respectively. These p-values are calcu-
lated from the �

2 difference of those two hypotheses. The
value of sin2 2✓13 is independently set for each hypothesis
based on a fit to the data. The condition of CLs  1 � ↵

is required to set the CLs exclusion region at ↵ confidence
level.

When used with the same analysis method (method A or
method B), the difference in sensitivity between the Feldman-
Cousins and CLs approaches is found to be smaller than 10%.
The Feldman-Cousins approach provides a unified method to
define confidence intervals, but has the drawback that it in-
volves fitting a large amount of simulated data sets. Hence,
it is used only for method A, which eliminates all of the nui-
sance parameters by utilizing a covariance matrix. In contrast,
the CLs implementation is significantly less computationally
intensive, and also provides an alternative for combining the
results between multiple experiments [41, 42]. Accordingly,
both the Feldman-Cousins limit from method A and the CLs

limit from method B are presented in this work.
Figure 3 shows the 95% confidence level contour from the

Feldman-Cousins approach and the 95% CLs exclusion con-
tour. Both contours are centered around the 95% CL expec-
tation and are mostly contained within the ±1� band con-
structed from simulated data sets with statistical and system-
atic fluctuations. The high-precision data at multiple base-
lines allow exclusion of a large section of (sin2 2✓14, |�m

2
41|)

parameter space. The sensitivity in the 0.01 . |�m
2
41| .

0.3 eV2 region originates predominantly from the relative
spectral comparison between the two near halls, and in the
|�m

2
41| . 0.01 eV2 region from the comparison between the

near and far halls. The dip structure at |�m
2
41| ⇡ |�m

2
32| ⇡

2.4⇥10�3 eV2 is due to the degeneracy between sin2 2✓14 and
sin2 2✓13. The fine structure of the data contours compared to
the expectation originates from statistical fluctuations in the
data.

In Figure 3, there is a slight difference between the CL con-
tour from method A and the CLs contour from method B for
|�m

2
41| . 2 ⇥ 10�3 eV2. In this region, most of the oscilla-

tion effects appear in the far hall at prompt energies . 2 MeV,
where the statistics are more limited. A study based on a large
sample of Monte Carlo pseudo-experiments determined that
the two methods react differently to statistical fluctuations and
produce slightly different limits in this region. The difference
observed in Figure 3 is found to be consistent with the expec-
tation from this study at the ⇠ 1� level.

The resulting limits on sin2 2✓14 are improved by roughly
a factor of 2 compared to the previous publication [26]. The
increased statistics are the largest contributor to this improve-
ment, although the reductions in background and in the AD-
uncorrelated energy scale uncertainty also play a role. The
uncertainty in |�m

2
32| is the dominant systematic uncertainty

14θ22sin
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FIG. 3. Exclusion contours in the (sin2 2✓14, |�m2
41|) plane, under

the assumption of �m2
32 > 0 and �m2

41 > 0. The red long-dashed
curve represents the 95% CL exclusion contour with the Feldman-
Cousins method [40] from method A. The black solid curve repre-
sents the 95% CLs exclusion contour [41] from method B. The ex-
pected 95% CL 1� band in yellow is centered around the sensitivity
curve, shown as a thin blue line. The region of parameter space to the
right side of the contours is excluded. For comparison, Bugey’s [43]
90% CL limit on ⌫e disappearance is also shown as the green dashed
curve.

in the |�m
2
41| . |�m

2
32| region, while for higher values of

|�m
2
41| the AD-uncorrelated energy scale and detector effi-

ciency uncertainties are dominant. The total uncertainty is
dominated by the statistics; another factor of 2 improvement
in sensitivity is expected by 2017. This result can be com-
bined with

(�)

⌫µ disappearance searches [44] in order to con-
strain

(�)

⌫µ ! (�)

⌫e transitions [45], since the oscillation proba-
bility of

(�)

⌫µ ! (�)

⌫e in the four-neutrino scenario is approxi-
mately proportional to |Ue4|2|Uµ4|2, and the individual sizes
of |Ue4|2 and |Uµ4|2 can be constrained with

(�)

⌫e and
(�)

⌫µ disap-
pearance searches, respectively.

In summary, we report an improved search for light sterile
neutrino mixing with the full configuration of the Daya Bay
Reactor Neutrino Experiment in the electron antineutrino dis-
appearance channel. No evidence of a light sterile neutrino
is found through a relative comparison of the observed an-
tineutrino energy spectra at the three experimental halls. With
3.6 times the statistics of the previous publication, these re-
sults set the most stringent limits to date on sin2 2✓14 in the
2⇥ 10�4 . |�m

2
41| . 0.2 eV2 region.
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This Letter reports an improved search for light sterile neutrino mixing in the electron antineutrino disap-
pearance channel with the full configuration of the Daya Bay Reactor Neutrino Experiment. With an additional
404 days of data collected in eight antineutrino detectors, this search benefits from 3.6 times the statistics avail-
able to the previous publication, as well as from improvements in energy calibration and background reduction.
A relative comparison of the rate and energy spectrum of reactor antineutrinos in the three experimental halls
yields no evidence of sterile neutrino mixing in the 2⇥ 10�4 . |�m2

41| . 0.3 eV2 mass range. The resulting
limits on sin2 2✓14 are improved by approximately a factor of two over previous results and constitute the most
stringent constraints to date in the |�m2

41| . 0.2 eV2 region.

PACS numbers: 14.60.Pq, 14.60.St, 28.50.Hw, 29.40.Mc
Keywords: sterile neutrino, neutrino mixing, reactor neutrino, Daya Bay

The three-neutrino mixing framework, in which the fla-
vor eigenstates (⌫e, ⌫µ, ⌫⌧ ) mix with the mass eigenstates
(⌫1, ⌫2, ⌫3) via the PMNS matrix [1–3], has been extremely
successful in explaining the results observed in most solar,
atmospheric, reactor and long-baseline accelerator neutrino
oscillation experiments [4]. Despite this success, the exact
mechanism by which neutrinos acquire their mass remains
unknown, and the possible existence of additional neutrinos
is under active consideration. To be consistent with precision
electroweak measurements [5], these additional neutrinos are
called “sterile” [2], that is, noninteracting within the standard
model and thus with no known mechanism for direct detec-
tion. Nonetheless, an unambiguous signal of their existence
can be sought in neutrino oscillation experiments, where they
could affect the way in which the three active neutrinos oscil-
late if they mix with the latter.

In the simplest extension of the standard model, where only
one sterile neutrino is considered in addition to the three active
ones, the mixing can be expressed as

⌫↵ =
4X

i=1

U↵i⌫i, (1)

where U is a unitary 4⇥ 4 mixing matrix and U↵i is the neu-
trino mixing matrix element for the flavor eigenstate ⌫↵ and
the mass eigenstate ⌫i. The survival probability for a relativis-
tic ⌫↵ with an energy E and a traveling distance L is given by

P⌫↵!⌫↵ = 1� 4
3X

i=1

4X

j>i

|U↵i|2|U↵j |2 sin2 �ji, (2)

⇤ Now at Department of Chemistry and Chemical Technology, Bronx Com-
munity College, Bronx, New York 10453, USA

where �ji = 1.267�m
2
ji(eV

2) L(m)
E(MeV) and �m

2
ji = m

2
j �

m
2
i is the mass-squared difference between the mass eigen-

states ⌫j and ⌫i. As indicated in Ref. [6], in the case of elec-
tron antineutrino disappearance the neutrino mixing matrix el-
ements Uei can be parametrized in terms of the ✓14, ✓13 and
✓12 mixing angles. Compared with standard three-neutrino
mixing, the neutrino oscillation probability includes three ad-
ditional oscillation frequencies associated with �m

2
41,�m

2
42

and �m
2
43. When |�m

2
41| � |�m

2
31| these three parameters

are virtually indistinguishable, and for the Daya Bay baselines
Eq. (2) approximates to

P⌫e!⌫e ⇡ 1� 4(1� |Ue4|)2|Ue4|2 sin2 �41

� 4(1� |Ue3|2 � |Ue4|2)|Ue3|2 sin2 �31

⇡ 1� sin2 2✓14 sin
2 �41 � sin2 2✓13 sin

2 �31. (3)

Thus, to first order, evidence for light sterile neutrino mixing
consists of an additional spectral distortion with a frequency
different from standard three-neutrino oscillations.

No conclusive evidence for the existence of sterile neu-
trinos has been obtained. A few anomalies in short base-
line neutrino oscillation experiments [7–13] can be explained
with additional sterile neutrinos, but these results are in ten-
sion with the limits obtained from other experiments [14–
17]. The majority of experimental searches have centered on
mass-squared differences around 1 eV2 and higher, whereas
the Daya Bay and other medium baseline reactor antineu-
trino experiments can make unique contributions in the sub-
eV scale [6, 18–25]. In 2014, the Daya Bay Collaboration
reported on a search for light sterile neutrino mixing based on
the first 217 days of data acquired with a partial configuration
of six functionally identical antineutrino detectors (ADs) de-
ployed at three experimental halls (EHs), the results of which

�m2
ee is ⌫e average of �m2

31 and �m2
32

cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32

= sin2�ee + 0⇥�21 sin 2�ee + s212c
2
12�

2
21 cos 2�ee +O(�3

21) (5)

�21 = 0.1
⇣

L/E
1 km/MeV

⌘

�m2
21 = 3⇥ KamLAND

3⇥

1⇥

If �m2
21 is 3 times bigger, P12 is 9 times larger !
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12�

2
21 cos 2�ee +O(�3
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|Ue1|
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�m2
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FIG. 1: The vacuum survival probability for ⌫̄e as a function of L/E. Blue is for the normal
mass ordering (NO) and red is the inverted mass ordering (IO) with �m

2
31 and �m

2
32 chosen in

such a fashion that the two survival probabilities are identical at small L/E, ie. �m
2
31(IO) =

��m
2
31(NO) + 2 sin2 ✓12�m

2
21. Near the solar oscillation minimum, L/E ⇠ 15 km/MeV, the

phase of the ✓13 oscillations advances (retards) for the normal (inverted) mass ordering and the
two oscillation probabilities are distinguishable, in principle. Also near the solar minimum, the
amplitude of the ✓13 oscillations is significantly reduced compared to smaller values of L/E. The
short baseline experiments, Daya Bay, RENO and Double Chooz, probe L/E < 0.8 km/MeV and
the medium baseline, JUNO and RENO 50, probe 6 < L/E < 25 km/MeV, as indicated.

It was shown in [8], that to an excellent accuracy

cos2 ✓12 sin
2 �31 + sin2 ✓12 sin

2 �32 ⇡ sin2 �ee

where �m2
ee

⌘ cos2 ✓12�m2
31 + sin2 ✓12�m2

32

for L/E < 0.8 km/MeV. A variant of this derivation is given in the Appendix V.
However, in this article we will use an exact formulation given in [9] which follows

Helmholtz, [10], in combining the two oscillation frequencies, proportional to �31 and �32

into one frequency plus a phase. The exact survival probability is given by (see Appendix
VI)

Px(⌫̄e ! ⌫̄e) = 1� cos4 ✓13 sin
2 2✓12 sin

2 �21

�
1

2
sin2 2✓13

✓
1�

p
1� sin2 2✓12 sin

2 �21 cos⌦

◆
(2)

with ⌦ = (�31 +�32) + arctan(cos 2✓12 tan�21).

⌦ consists of two parts: one that is even under the interchange of �31 and �32 and is linear
in L/E, (�31 +�32), and the other which is odd under this interchange and contains both
linear and higher (odd) powers in L/E, arctan(cos 2✓12 tan�21), remember �21 = �31��32.

3
FIG. 2: The L/E dependence of the two components that make up the kinematic phase ⌦ =
2|�ee| ± � associated with the ✓13 oscillation, eqn. 2. � is the black staircase function which
increases by 2⇡ sin2 ✓12 for every increase in �21 by ⇡, see eqn. 7. The blue straight line is
2|�ee|/80, which is always greater than or equal to �. The green curve is the �3

21 approximation
to � given in eqn. 11, which is an excellent approximation for L/E < 8 km/MeV.

• The phase, �, causes an advancement (retardation) of the ✓13 oscillation for the normal
(inverted) mass ordering of the neutrino mass eigenstates. � is a “rounded” staircase
function4, which is zero and has zero first and second derivatives at L/E = 0 (�21 = 0),
but then between L/E ⇠ 10�20 km/MeV (�21 ⇠

⇡

3 �
2⇡
3 ) rapidly jumps by 2⇡ sin2 ✓12,

and this pattern is repeated for every increase of L/E ⇠ 30 km/MeV (�21 by ⇡), i.e.

�(�21 ± ⇡) = �(�21)± 2⇡ sin2 ✓12, (7)

see Fig. 2. Also shown on the same plot is 2|�ee| divided by 80. This number 80 was
chosen so that 2|�ee| fits on the same plot and to demonstrate that 2|�ee| � 80 �
so that the shift in phase caused by � is never bigger than a 1.25% e↵ect. Also for
L/E < 5 km/MeV, the shift in phase is much smaller than this, see next section.

A. Short Baseline Experiments (0 < L/E < 1 km/MeV)

For reactor experiments with baselines less than 2 km, the exact expression eqn. 2
contains elements which require measurement uncertainties on the oscillation probability to
better than one part in 104. This is way beyond the capability of the current or envisaged
experiments. This occurs because for experiments at these baselines, the following conditions

4 In the limit, sin2 ✓12 !
1
2 , one recovers the well known result that this rounded staircase function becomes

a true staircase or step function.
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The key point is the separation of the kinematic phase, ⌦, into an e↵ective 2� (linear in
L/E) and a phase, �. For short baseline experiments, it is natural to expand ⌦ in a power
series in L/E and identify the coe�cient of the linear term in L/2E as the e↵ective �m2

and include all the higher order terms in the phase3. Then,

⌦ = 2�ee + � (3)

where �m2
ee

⌘
@ ⌦

@(L/2E)

��� L
E!0 = cos2 ✓12�m2

31 + sin2 ✓12�m2
32 (4)

and � ⌘ ⌦� 2�ee = arctan(cos 2✓12 tan�21)��21 cos 2✓12. (5)

With this separation, 2�ee varies at the atmospheric scale, 0.5 km/MeV, whereas � varies
at the solar oscillation scale, 15 km/MeV, and

� = 0,
@ �

@(L/2E)
= 0 and

@2 �

@(L/2E)2
= 0 at

L

E
= 0,

therefore, in a power series in L/E, � starts at (�m2
21L/E)3 (see eqn. 11).

Since ⌦ only appears as cos⌦, it is useful to redefine ⌦ = 2|�ee| ± � , so that the sign
associated with the mass ordering appears only in front of �. If and only if this sign is
determined, is the mass ordering determined in ⌫e disappearance experiments.

There are three things worth noting about writing the exact ⌫e survival probability as in
eqn. 2, with ⌦ given by eqn. 3:

• The e↵ective atmospheric �m2 associated with ✓13 oscillation is a simple combination
of the fundamental parameters, see eqn. 4 above or in ref. [8] as they are identical,

�m2
ee

= cos2 ✓12�m2
31 + sin2 ✓12�m2

32

= �m2
31 � sin2 ✓12�m2

21 = �m2
32 + cos2 ✓12�m2

21

= m2
3 � (cos2 ✓12m

2
1 + sin2 ✓12m

2
2).

Thus �m2
ee
is simple the “⌫e average of �m2

31 and �m2
32,” since the ⌫e ratio of ⌫1 to ⌫2

is cos2 ✓12 to sin
2 ✓12, and determines the L/E scale associated with the ✓13 oscillations.

• The modulation of the amplitude associated with the ✓13 oscillation, is manifest in the
square root multiplying the cos⌦ oscillating term, where

p
1� sin2 2✓12 sin

2 �21 =

⇢
1 at �21 = n⇡
cos 2✓12 ⇡ 0.4 at �21 = (2n+ 1)⇡/2

(6)

for n = 0, 1, 2, · · · . Thus, at solar oscillation minima, when �21 = 0, ⇡, 2⇡, ..., the
oscillation amplitude is just sin2 2✓13, whereas at solar oscillation maxima, when
�21 = ⇡/2, 3⇡/2, ..., the oscillation amplitude is cos 2✓12 sin

2 2✓13 i.e. reduced by ap-
proximately 60%.

3 Appendix A of [9] contains a discussion of an e↵ective �m
2 as a function of L/E for arbitrary L/E. At

L/E = 0 this definition is identical to �m
2
ee.
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⌦ = (�31 +�32) + arctan (cos 2✓21 tan�21) NPZ

= 2�ee + arctan (cos 2✓12 tan�21)��21 cos 2✓12

= 2�32 + arctan

✓
sin 2�21

cos 2�21 + tan
2
✓12

◆
DB

= 2�31 � arctan

✓
sin 2�21

cos 2�21 + cot
2
✓12

◆
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Mass Ordering Indetermined:
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Neutrino Energy Reconstruction

3

energy resolution of �E/E ⇡ 8% at 1 MeV.
Reactor antineutrinos are detected via the inverse �-decay

(IBD) reaction, ⌫e + p ! e+ + n. The delayed gamma
rays (totalling ⇠ 8 MeV) generated from the neutron cap-
ture on Gd with a mean capture time of ⇠ 30 µs enable
powerful background suppression. The prompt light from
the e+ gives an estimate of the incident ⌫e energy, E⌫e =
Eprompt + En + 0.78 MeV, where Eprompt is the prompt
event energy including the positron kinetic energy and the an-
nihilation energy, and En is the average neutron recoil energy
(⇠10 keV).

Interpretation of the observed prompt energy spectra re-
quires characterization of the detector response to e+, e� and
�, which maps the true energy (Etrue) to the reconstructed
energy (Erec). Erec is determined by scaling the measured to-
tal charge with a position-dependent correction [3, 13]. For
a � or e�, Etrue is the kinetic energy; for a positron Etrue is
the sum of the kinetic energy and the energy from annihila-
tion. The energy response is not linear due to scintillator and
electronics effects and is taken into account by two functions,
fscint and felec, respectively. The scintillator nonlinearity is
particle- and energy-dependent, and is related to intrinsic scin-
tillator quenching and Cherenkov light emission. The quench-
ing effects are constrained by standalone measurements with
a fast neutron beam as well as by neutron source data and ra-
dioactive ↵-decays in the AD. The Cherenkov contribution
is also affected by absorption and reemission in the liquid
scintillator. The scintillator nonlinearity for electrons is de-
scribed by an empirical model fscint(Etrue) = Evis/Etrue =
(p0 + p3 ·Etrue)/(1 + p1 · e�p2·Etrue), where Evis is the total
visible light generated by the particle and pi are the model pa-
rameters. A GEANT4-based [15, 16] Monte-Carlo simulation
(MC) is used to relate the e� scintillator nonlinearity to the re-
sponse for � and e+. The electronics nonlinearity, felec(Evis),
is introduced due to the interaction of the scintillation light
time profile and the charge collection of the front-end elec-
tronics. Given the similar timing profiles for e± and �s, it is
modeled as an exponential function of Evis as determined by
studying the time profile of charge in the data and MC.

The energy model, f = fscint ⇥ felec, is determined by a
fit to monoenergetic � lines from radioactive sources and the
continuous � + � spectrum extracted from 12B data. Sources
were deployed at the center of all ADs regularly (68Ge, 60Co,
241Am-13C) [13] and during a special calibration period in
summer 2012 (137Cs, 54Mn, 40K, 241Am-9Be, Pu-13C) with
AD1 and AD2 in near-hall EH1. In addition, gamma peaks in
all ADs which could be identified with singles and correlated
spectra in data (40K, 208Tl, n capture on H, C, and Fe) were
included. For source data with multiple gamma-line emis-
sions, fscint is computed for each gamma then summed up,
whereas felec is computed based on the total Evis. The 12B
isotopes are produced cosmogenically at the rate of about 900
(60) events/day/AD at the near (far) site. The measured rela-
tive nonlinearity of < 0.3% among 6 ADs [3] is negligible in
the context of the energy model.

Figure 1 compares the best-fit energy model with the single-

gamma, multi-gamma and continuous 12B data used to deter-
mine the model parameters. As additional validation, the en-
ergy model prediction for the continuous � + � spectra from
212Bi, 214Bi and 208Tl decays was compared with the data and
found to be consistent.
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FIG. 1. (a) Ratio of the reconstructed to best-fit energies of � lines
from calibration sources and singles spectra as described in the text.
The error bars represent the total uncertainty on each ratio. The �
from the second-excited state of 16O in the Pu-13C source is denoted
16
O

⇤. The n-56Fe1 and n-56Fe2 labels denote the ⇠6 MeV and ⇠7.6
MeV �s, respectively, resulting from the capture of neutrons from
the AmC sources parked on top of the AD. (b) Reconstructed en-
ergy spectrum (points) compared to the sum (shaded area) of the 12B
(solid line) and 12N (dashed line) components of the best-fit energy
response model. The error bars represent the statistical uncertainties.
(c) AD energy response model for positrons.

Alternative energy response models, based on different
methodologies, were constructed. The second method builds
the scintillator nonlinearity based on Birks’ formula [17] and
Cherenkov radiation theory. The model is characterized by
Birks’ constant kB and the Cherenkov light contribution kc.
felec is determined from the residual nonlinearity of the same
� and �-decay calibration data set. The third method does
not use � data but only uses �-decay from 12B, as well as
the internal radioactive �-decays of 212Bi, 214Bi and 208Tl, to
construct the energy model.

All positron energy response models were consistent with
each other to ⇠ 1.5%. The uncertainty in the e+ energy re-
sponse, shown in Fig. 1, is conservatively estimated by com-
bining the calibration and model uncertainties. The energy

The complete energy model, relating the reconstructed
energy to true particle kinetic energy, therefore contained
four free parameters: Birks’ constant kB, the contribution
from Cherenkov radiation kc, and the two parameters α and
τof the electronics model. The product of βvis and βrec was
defined such that Erec ¼ Etrue at the reference energy of
neutron capture on Gd. There was no significant deviation
in the nonlinearity between detectors, so a common model
was used for all eight ADs. The parameter values were
obtained from an unconstrained χ2 fit to various AD
calibration data, consisting of twelve gamma lines from
both deployed and naturally occurring sources, as well as
the continuous electron spectrum from the decays of 12B
produced by muon interactions with the scintillator. The
study accounted for residual position-dependent variations
in light yield between the calibration references. Figures 13
and 14 compare the resulting energy response model with
the calibration data.
The resulting estimate of the detector response to

positrons is shown in Fig. 15. The depicted uncertainty
band corresponds to variations of model parameters con-
sistent with the fitted calibration data within 68% C.L.
The χ2-based approach was used to constrain the
energy response, and resulted in subpercent uncertainties
of the absolute positron energy scale above 2 MeV. The
best model gave the values kB ¼ 15 × 10−3 cmMeV−1,
kc ¼ 0.5%, α ¼ 0.078, and τ¼ 2.55 MeV. Strong corre-
lations among the parameters resulted in large uncertainties
for each individually, although the combined model was
well constrained as shown in Fig. 15. Reproduction of the

model from the best-fit parameters was also dependent on
the specific configuration of low-energy electron trans-
port and quenching in Geant4. Therefore, the best model is
provided in a more convenient tabulated form as
Supplemental Material [40].
This model of the detector response to positrons was

validated using independent calibration reference data.
These included the 53 MeVendpoint in the Michel electron
spectrum of muon decay, and the continuous β þ γ spectra
from natural bismuth and thallium decays. The estimated
model of the electronics nonlinearity was corroborated by
comparison with PMT data obtained using an independent
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oscillation probabilities have less than half the number of L/E structures, but the form of

the L/E dependence is made manifest and identical to the vacuum form.

We note that when our formulas are expanded by �m
2
21/�m

2
31, they agree, of course,

with the existing ones calculated previously. Therefore, our formalism may be regarded

as a systematic way of organizing the equivalent expressions to order �m
2
21/�m

2
31 into

neater, structure-revealing ones. The benefit for having such simple expressions is that the

physical interpretation of the formulas is transparent, as emphasized in section 2.

4 Formulating the renormalized helio-perturbation theory

In this section, we formulate the helio-to-terrestrial ratio perturbation theory, for short the

helio-perturbation theory, which has the unique expansion parameter

✏ ⌘
�m

2
21

�m2
ee
. (4.1)

We will show that use of its renormalized version is the key to the very simple formulas

of the oscillation probabilities exhibited in section 3.3 and appendix B. In fact, there are

two ways of deriving the oscillation probabilities, the S matrix method and the wave

function method. Here we sketch both of them, leaving technical or computational parts

into Appendices A and B. The meaning of the agreement between results obtained by both

the S matrix and the wave function methods will be discussed at the end of this section.

The S matrix describes neutrino flavor changes ⌫� ! ⌫↵ after traversing a distance L,

⌫↵(L) = S↵�⌫�(0), (4.2)

and the oscillation probability is given by

P (⌫� ! ⌫↵;L) = |S↵� |
2
. (4.3)

When the neutrino evolution is governed by the Schrödinger equation, i
d
dx⌫ = H⌫, S

matrix is given as

S = T exp


�i

Z L

0
dxH(x)

�
(4.4)

where T symbol indicates the “time ordering” (in fact “space ordering” here). In the

standard three-flavor neutrinos, Hamiltonian is given by

H =
1

2E

8
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>:
U
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0 �m
2
21 0

0 0 �m
2
31
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75U
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3

75

9
>=

>;
, (4.5)

where the symbols are defined in an earlier footnote. For the case of constant matter

density, the right-hand side of (4.4) may be written as e
�iHx. We recapitulate here the

earlier footnote: In (4.5) �m
2
ji ⌘ m

2
j � m

2
i where mi denotes the mass of i-th mass

eigenstate neutrinos. Position dependent function a(x) ⌘ 2
p
2GFNe(x)E is a coe�cient
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In eq. (3.1), the renomalized �m
2
⌘ �m

2
ee, the expansion parameter ✏, and the Wolfenstein

matter potential [1], a, are defined as follows:6

�m
2
ee ⌘ �m

2
31 � s

2
12�m

2
21, (3.2)

✏ ⌘
�m

2
21

�m2
ee
, (3.3)

and a = 2
p
2GFNeE ⇡ 1.52⇥ 10�4

✓
Ye⇢

g.cm�3

◆✓
E

GeV

◆
eV2

. (3.4)

This choice of �m
2
ee is crucial to the compact formulas for the oscillation probabilities that

will be given in this paper. Note also that the sign of �m
2
ee signals the mass ordering, both

�m
2
ee and ✏ are positive (negative) for NO (IO). However, for both orderings ✏�m

2
ee =

�m
2
21 > 0, as required by nature. Notice that �0 is the same for the both mass orderings,

and when we switch from NO to IO we also switch the sign in front of the square root

in eq. (3.1). The nicest feature of the sign choice is that the oscillation probability has

a unified expression and the solar resonance is in ⌫�-⌫0 level crossing for the both mass

orderings.

�m
2
ee is equal to the e↵ective atmospheric �m

2 measured in a electron (anti-) neutrino

disappearance experiment in vacuum, �m
2
ee ⌘ c

2
12�m

2
31 + s

2
12�m

2
32 [12]. This quantity

is identical to �m
2
ee recently measured by the reactor ✓13 experiment [13] up to e↵ects of

O(�m
2
21/�m

2
31)

2. Whether the coincidence between�m
2
ee and�m

2
ee reflects a deep aspect

of neutrino oscillation or not will be judged depending upon what happens at second order

in ✏. This point as well as the relevance of the other e↵ective �m
2
µµ [12], ⌫µ equivalent of

�m
2
ee, will be discussed in depth in a forthcoming communication.

3.2 The mixing angle ✓13 and mixing matrix in matter

We use the angle � to represent the mixing angle ✓13 in matter. With the definitions of

the eigenvalues (3.1), the following mass-ordering independent expressions for cosine and

sine 2� (see section 4.2) are given by

cos 2� =
�m

2
ee cos 2✓13 � a

�+ � ��
,

sin 2� =
�m

2
ee sin 2✓13

�+ � ��
. (3.5)

It is easy to show that � goes from 0 ! ⇡/2 as a goes from � 1 to + 1 for the NO

and as a goes from + 1 to � 1 for the IO. In vacuum (a = 0), � = ✓13 and � = ⇡/4 at

the atmospheric resonance, when a = �m
2
ee cos 2✓13, for both mass orderings.

6 The following notation is used throughout: �m2
ij ⌘ m2

i � m2
j , sij = sin ✓ij and cij = cos ✓ij where

✓ij are the standard neutrino mixing angles and GF is the Fermi constant, Ne is the number density of

electrons, E is the energy of the neutrino, Ye the electron fraction and ⇢ is the density of matter.
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7

which is small away from vacuum as desired. In particu-
lar, it is < 1 for |E| > 1 GeV. See appendix D for details
and numerical confirmation of each region.

VII. CONCLUSIONS

In this paper, we have demonstrated that

�cm2
ee ⌘ cm2

3 � (cm2
1 + cm2

2)

� [m2

3
� (m2

1
+m2
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)] +�m2

ee (36)

⇡ �m2
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q
(cos 2✓13 � a/�m2

ee)
2 + sin2 2✓13 ,

is the matter generalization of vacuum �m2

ee that has
been widely used by the short baseline reactor experi-
ments Daya Bay and RENO and will be precisely mea-
sured (< 1%) in the medium baseline JUNO experiment.
The exact and approximate expressions in the above
equation di↵er by no more than 0.06%. Another nat-

ural choice called �cm2
EE is numerically very close to

�cm2
ee but does not provide the ability to simply rewrite

the eigenvalues as �cm2
ee does.

For ⌫e disappearance in matter the position of the first
oscillation minimum, for fixed neutrino energy E, is given
by

L =
2⇡E

�cm2
ee

, (37)

and the depth of the minimum is controlled by

sin2 2b✓13 ⇡ sin2 2✓13
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ee
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⇡
sin2 2✓13

(cos2 2✓13 � a/�m2
ee)

2 + sin2 2✓13

.

This two-flavor approximate expression is not only simple
and compact, but it is precise to within < 1% precision
at the first oscillation minimum8.

The combination of�cm2
ee and�cm2

21 is very powerful
for understanding the e↵ects of matter on the eigenvalues
and the mixing angles of the neutrinos. In this article we

have illuminated the exact nature of �cm2
ee and �cm2

21

which were extensively used in DMP [10, 12].
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Appendix B: DMP Approximate Expression

Here we review the approximate expressions for the
mixing angles and eigenvalues derived in [10]. The result
of the 13 rotation yields

�fm2
ee = �m2
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FIG. 3. Here we demonstrate the validity of the two-flavor
approximation by plotting eq. 32 showing the expected si-
nusoidal dependence. Here Pa is the exact three flavor ⌫e

disappearance probability. Note the small deviations due to
the 21 term that grow as the phase |b�ee| increases for small
energies.

�cm2
ee are nontrivial functions of E, the correct option

is to use dPa/dL = 0.
In order to numerically test the various expressions,

we find the location L of the first minimum by solving
dPa/dL = 0 for a given E using the full three-flavor ex-
pressions. We then convert the (L,E) pair at the first

minimum into the corresponding �cm2
ee using

�cm2
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4E
=

⇡

2
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Next, we compare the di↵erence between this numeric so-
lution and the expressions presented in this paper, eqs. 4,
19, and 23. We also compare to the approximate analytic
solution from [16] (HM), see appendix C. This compari-
son is shown in fig. 4.

When determining the minimum from the exact ex-

pression, a two-flavor expression using only �cm2
ee will

get the �m2

31
and �m2

32
terms correct including matter

e↵ect, but will always be o↵ by �m2

21
terms. Thus in

fig. 4 we don’t include the e↵ect of the 21 term which
will a↵ect any two-flavor approximation comparably.

We see that for either eq. 6 or eq. 23 the agreement
is excellent with relative error < 0.2%. In addition, the
two expressions clearly agree with each other to a higher
level of precision than is necessary. For the HM expres-
sion the agreement is good for anti-neutrinos and in the
high energy limit, but is poor in a broad range near the
atmospheric resonance for neutrinos. In addition, we
have modified the HM expression by taking the absolute
value so that the HM expression asymptotically returns
to the correct expression past the atmospheric resonance
for neutrinos.

FIG. 4. We show the fractional error (�x/x) of various dif-

ferent �cm2
ee expressions with the precise numerical one de-
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from eq. 4 and the EE curve uses the formula from eq. 19.
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E > 0 corresponds to neutrinos, E < 0 corresponds to anti-
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In this paper we generalize the concept of an e↵ective �m2
ee for ⌫e/⌫̄e disappearance experiments,

which has been extensively used by the short baseline reactor experiments, to include the e↵ects
of propagation through matter for longer baseline ⌫e/⌫̄e disappearance experiments. This gener-
alization is a trivial, linear combination of the neutrino mass squared eigenvalues in matter and
thus is not a simple extension of the usually vacuum expression, although, as it must, it reduces
to the correct expression in the vacuum limit. We also demonstrated that the e↵ective �m2

ee in
matter is very useful conceptually and numerically for understanding the form of the neutrino mass
squared eigenstates in matter and hence for calculating the matter oscillation probabilities. Finally
we analytically estimate the precision of this two-flavor approach and numerically verify that it is
precise at the sub-percent level.

I. INTRODUCTION

Since the discovery that neutrinos oscillate [1, 2]
tremendous progress has been made in understanding
their properties. The oscillation parameters are all either
well-measured or will be with the advent of next genera-
tion experiments. As the final parameters are measured,
precision in the neutrino sector becomes more important
than ever.

In vacuum, an e↵ective two-flavor oscillation picture
was presented in [3] for calculating the ⌫e ! ⌫e disap-
pearance probability which introduced an e↵ective �m2,

�m2

ee ⌘ cos2 ✓12�m2

31
+ sin2 ✓12�m2

32
, (1)

which precisely and optimally determines the shape of
the disappearance probability around the first oscillation
minimum. That is, even in the three favor framework,
for ⌫e disappearance in vacuum (P0), the two-flavor ap-
proximation

P0(⌫e ! ⌫e) : ⇡ 1 � sin2 2✓13 sin
2 �ee, (2)

where �ee ⌘ �m2

eeL/(4E) ,

is an excellent approximation at least over the first os-
cillation. �m2

ee has been widely used by the short base-
line reactor experiments, Daya Bay [4] and RENO [5] in
their shape analyses around the first oscillation minimum
and will be precisely measured to better than 1% in the
medium baseline JUNO [6] experiment.

The matter generalization of the three-flavor ⌫e dis-
appearance probability in matter (Pa) can also be ade-
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quately approximated by a two-flavor disappearance os-
cillation probability in matter

Pa(⌫e ! ⌫e) ⇡ 1 � sin2 2✓13

 
�m2

ee

�cm2
ee

!2

sin2 b�ee , (3)

where b�ee ⌘ �cm2
eeL/(4E) ,

and bx denotes the exact matter version of a variable and
is a function of the Wolfenstein matter potential [7]. This

new �cm2
ee would be the dominant frequency, over the

first few oscillations, for ⌫e disappearance at a potential
future neutrino factory [8] in the same way that �m2

ee is
for short baseline reactor experiments. As we will find in
section II,

�cm2
ee ⌘ cm2

3 � (cm2
1 + cm2

2)

� [m2

3
� (m2

1
+m2

2
)] +�m2

ee (4)

satisfies all of the necessary criteria to describe ⌫e disap-
pearance in matter in the approximate two-flavor picture
of eq. 3 above and trivially reproduces eq. 1 in vacuum.

We will also discuss an alternate expression �cm2
EE

which numerically behaves quite similarly, but is some-
what less useful analytically.
The layout of this paper is as follows. In section II we

define the matter version of �m2

ee denoted �cm2
ee. We

review the connection between the three-flavor and two-
flavor expressions in section III which naturally leads to a

slightly di↵erent expression dubbed �cm2
EE . In section

IV we show how the natural definition of �cm2
ee matches

the expression given from a perturbative description of
oscillation probabilities. We analytically and numerically
show that both expressions are very close in section V.
We perform the numerical and analytical calculations to
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For neutrino propagation in matter, we show that the Jarlskog invariant, which controls the size
of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
vacuum Jarlskog invariant times two simple two-flavor matter resonance factors that control the
matter e↵ects for the solar and atmospheric resonances independently. If the solar e↵ective matter
potential and the atmospheric e↵ective �m2 are chosen carefully for these two resonance factors,
then the fractional corrections to this factorization are an impressive 0.04% or smaller.

I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and neutrino sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, like the currently

running NOvA [5] and T2K [6] experiments and the up-
coming DUNE [7] and T2HK(K) [8, 9], the part of the
appearance oscillation probability that depends on the
intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by

a ⌘ 2
p
2GFNeE⌫ , (4)

whereGF is the Fermi constant, Ne is the number density
of electrons and E⌫ is the neutrino energy in the matter
rest frame.
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II. THE RESULT

While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
approximate the Jarlskog invariant in matter, at the
0.04% level, as simply

bJ ⇡
J

S� Satm
, (5)

where

S� =
q

(cos 2✓12 � c213a/�m2
21)

2 + sin2 2✓12 ,

Satm =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 . (6)

The S factors1 are the two-flavor resonance factors for so-
lar (1-2) and atmospheric (1-3) resonances respectively.

The precision scales like O(s213 cos 2✓12
�m2

21
�m2

ee
) leading to

an actual fractional precision of ⇠ 0.04% for this factor-
ization. To achieve this level of precision, we note that
the following are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is

�m2
ee ⌘ c212�m2

31+s212�m2
32 [13, 14], not �m2

31(2).

With only one of these choices, the fractional precision

is 2-3%, O(s213) and/or O(�m2
21

�m2
ee
), see [15]. But with both

of these choices the fractional uncertainty is an impres-

sive 0.04% which is O(s213 cos 2✓12
�m2

21
�m2

ee
) or better for all

values of the matter potential.

1
Note that S� can also be written asq

1� 2 cos 2✓12(c213a/�m2
21) + (c213a/�m2

12)
2 and

q
(1� c213a/�m2

21)
2 + 4s212(c

2
13a/�m2

21) and similarly for

Satm. Like the Jarlskog invariant, these S factors can also be

written in a convention independent form, see eq. 14.
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of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
vacuum Jarlskog invariant times two simple two-flavor matter resonance factors that control the
matter e↵ects for the solar and atmospheric resonances independently. If the solar e↵ective matter
potential and the atmospheric e↵ective �m2 are chosen carefully for these two resonance factors,
then the fractional corrections to this factorization are an impressive 0.04% or smaller.

I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and neutrino sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, like the currently

running NOvA [5] and T2K [6] experiments and the up-
coming DUNE [7] and T2HK(K) [8, 9], the part of the
appearance oscillation probability that depends on the
intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by

a ⌘ 2
p
2GFNeE⌫ , (4)

whereGF is the Fermi constant, Ne is the number density
of electrons and E⌫ is the neutrino energy in the matter
rest frame.
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II. THE RESULT

While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
approximate the Jarlskog invariant in matter, at the
0.04% level, as simply

bJ ⇡
J

S� Satm
, (5)

where

S� =
q

(cos 2✓12 � c213a/�m2
21)

2 + sin2 2✓12 ,

Satm =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 . (6)

The S factors1 are the two-flavor resonance factors for so-
lar (1-2) and atmospheric (1-3) resonances respectively.

The precision scales like O(s213 cos 2✓12
�m2

21
�m2

ee
) leading to

an actual fractional precision of ⇠ 0.04% for this factor-
ization. To achieve this level of precision, we note that
the following are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is

�m2
ee ⌘ c212�m2

31+s212�m2
32 [13, 14], not �m2

31(2).

With only one of these choices, the fractional precision

is 2-3%, O(s213) and/or O(�m2
21

�m2
ee
), see [15]. But with both

of these choices the fractional uncertainty is an impres-

sive 0.04% which is O(s213 cos 2✓12
�m2

21
�m2

ee
) or better for all

values of the matter potential.

1
Note that S� can also be written asq

1� 2 cos 2✓12(c213a/�m2
21) + (c213a/�m2

12)
2 and

q
(1� c213a/�m2

21)
2 + 4s212(c

2
13a/�m2

21) and similarly for

Satm. Like the Jarlskog invariant, these S factors can also be

written in a convention independent form, see eq. 14.

two, two flavor resonance factors:

fractional difference:  

What makes a good �m2
ee ?

• good approx. for L/E < 1 km/MeV

• Simply related to �m
2
31

and �m
2
32

• Independent of L/E or “proper age” of the neutrino

sin2 ✓13

✓
�m2

21
�m2

ee

◆
cos 2✓12 ⇠ 0.04%
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Summary:
• Observation of Solar Neutrinos and Reactor Neutrinos have 

taught us a great deal the electron row of the PMNS matrix, 
about U_ei and Delta m^2 ’s.


• the concept of an effective Delta m^2, Delta m^2_ee, is 
useful for the shape analysis of reactor neutrinos.


• Short baseline reactor experiments can constrain (maybe 
measure) Delta m^2_21 at twice the KamLAND value. 


• the generalization of Delta m^2_ee into matter, is useful for 
understanding neutrino oscillations in matter for DUNE and 
T2HK(K)

�m2
ee is ⌫e average of �m2

31 and �m2
32

cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32

= sin2�ee + 0⇥�21 sin 2�ee + s212c
2
12�

2
21 cos 2�ee +O(�3

21) (5)

– Typeset by FoilTEX – 5

Shift 1� in �m2
21 and 3� in ✓12

Size of shift unexplained in 1605.00900:

Khan, Nunokawa, SP upcoming 1810.?? or 1811.??

Denton, SP 1808.09453

⌫s

— ⌫4—

6 row/column plus 6 triangle conditions

2 row and 1 triangle, independent of ⌫⌧

⌫e ! ⌫e

�m2
ee

q
(cos 2✓13 � a/�m2

ee)
2 + sin2 2✓13
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Scattering Cross Section
The concept of cross section, as its name suggests, is that of effective area
for collision. The cross section of a spherical target is

The angle of scattering in Rutherford scattering depends upon the impact
parameter, with larger deflection occurring for smaller impact parameters.
The area of a circle of radius = b = impact parameter is then the cross
section for scattering above the angle associated with b, since any particle
arriving with r less than b will scatter to a larger angle. Therefore, the cross
section for scattering at a greater angle than some chosen angle is

Note that this expression is for alpha particles with Zp=2. For projectiles
with another charge Zp, then you would multiply this expression by Zp

2/4.

Calculation of impact parameter and closest approach
Determining the cross section and scattered fraction
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It's Ernest Rutherford's birthday today. Along
with Michael Faraday, Rutherford was the
greatest experimentalist in modern history and
the twentieth century's experimental counterpart
to Einstein. Rutherford stands out because he
defies the traditional notion of genius. He was a
gruff, plain spoken man with a booming voice
who came from simple farming roots. He had
little patience for philosophizing and even less
for high-flying theorizing; he once said that
"theorists play games with their symbols while
we discover truths about the universe". And yet
he had an eye for theoretical talent that allowed
him to nurture Niels Bohr, as dyed-in-the-wool a
theoretician and philosopher as you could find.
When asked why he adored Bohr in spite of his
general disdain for theoreticians, he famously

quipped, "Bohr is different. He's a football player". A grateful Bohr held Rutherford in
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Neutrino Question:  

You receive an email from a high school 
student taking Advanced Placement 
Physics, asking: 

 "Why are you studying Neutrinos?" 
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Trevor Nichols 

The purest answer to why we study neutrinos is simply that we are curious. Neutrinos 
are the most abundant of the fundamental particles, yet we know the least about 
them. Beyond simple curiosity, neutrinos are useful, not so much for what they can do 
themselves, but for what they can tell us about other things. 

Neutrinos provide a new lens through which to view the universe. Black holes are not 
detectable using visible light. They do not emit any. Yet, when we look at the universe 
using X-rays, we can now see swirling accretion discs, indicating the presence of black 
holes. Similarly, neutrinos provide visibility to that which we previously could not see. 

Neutrinos are created in nuclear reactions, which are abundant in the cores of stars. 
Unlike photons, neutrinos can escape a star (or any other object) unaltered by the 
material they must pass through to escape. Upon detection, neutrinos reveal 
information about the originating reaction. 
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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A measurement of the energy dependence of antineutrino disappearance at the Daya Bay Reactor Neutrino
Experiment is reported. Electron antineutrinos (⌫e) from six 2.9 GWth reactors were detected with six detectors
deployed in two near (effective baselines 512 m and 561 m) and one far (1579 m) underground experimental
halls. Using 217 days of data, 41589 (203809 and 92912) antineutrino candidates were detected in the far hall
(near halls). An improved measurement of the oscillation amplitude sin

2
2✓13 = 0.090+0.008

�0.009 and the first
direct measurement of the ⌫e mass-squared difference |�m2

ee| = (2.59+0.19
�0.20) ⇥ 10

�3
eV

2 is obtained using
the observed ⌫e rates and energy spectra in a three-neutrino framework. This value of |�m2

ee| is consistent with
|�m2

µµ| measured by muon neutrino disappearance, supporting the three-flavor oscillation model.

PACS numbers: 14.60.Pq, 29.40.Mc, 28.50.Hw, 13.15.+g
Keywords: neutrino oscillation, neutrino mixing, reactor, Daya Bay

Experimental measurements of neutrino oscillations have
clearly established that neutrinos have mass and that the mass
eigenstates mix [1]. The Daya Bay experiment recently re-
ported the discovery of the disappearance of reactor antineu-
trinos over kilometer-long baselines, providing the most pre-
cise measurement of the mixing angle ✓13 [2, 3]. Other experi-
ments have made consistent ✓13 measurements [4–7]. Precise
knowledge of neutrino mixing and mass differences enables
experimental searches for CP violation, tests of the neutrino
mass hierarchy and precision tests of oscillation theory. In
particular, the relatively large value of ✓13 facilitates a rich
program of future neutrino oscillation research [8–10]. It also
allows the Daya Bay experiment to report in this Letter an in-
dependent measurement of the neutrino mass-splitting via the
distortion of the reactor antineutrino energy spectrum.

In the framework of three-flavor neutrino mixing in vac-
uum, the probability that an ⌫e produced with energy E is
detected as an ⌫e at a distance L is given by

P⌫e!⌫e = 1� cos4 ✓13 sin
2 2✓12 sin

2 �21 (1)
� sin2 2✓13(cos

2 ✓12 sin
2 �31 + sin2 ✓12 sin

2 �32),

where �ji ⌘ 1.267�m2
ji(eV

2) L(m)
E(MeV) , and �m2

ji is the
difference between the mass-squares of the mass eigenstates
⌫j and ⌫i. Since �m2

21⌧
���m2

31

��⇡
���m2

32

�� [1], the short-
distance (⇠km) reactor ⌫e oscillation is due primarily to the
�3i terms and naturally leads to the definition of the effec-
tive mass-squared difference sin2 �ee ⌘ cos2 ✓12 sin

2 �31 +
sin2 ✓12 sin

2 �32 [11].
The Daya Bay experiment previously determined sin2 2✓13

using only the relative rates of ⌫e detected in three antineu-
trino detectors (ADs) located near to and three ADs located far

from six nuclear reactor cores [2, 3]. The effective mass split-
ting |�m2

µµ| measured in ⌫µ disappearance [12] provided a
good approximation of |�m2

ee| in the rate-only measurement.
This Letter presents a combined analysis of the ⌫e rates and
energy spectra measured for the six detector data-taking pe-
riod from 24 December 2011 to 28 July 2012. This represents
a 48% increase in statistics over the most recent result [3]. The
sin2 2✓13 uncertainty is reduced by inclusion of the spectral
information and the statistics of the complete six-AD data pe-
riod. The spectral distortion due to the sin2 �ee term provides
a strong confirmation that the observed ⌫e deficit is consistent
with neutrino oscillations and allows the first direct measure-
ment of |�m2

ee|.

A detailed description of the Daya Bay experiment can be
found in [13, 14]. Each of the three experimental halls (EHs)
contains functionally identical, three-zone ADs surrounded
by a pool of ultra-pure water segmented into two regions,
the inner water shield (IWS) and outer water shield (OWS),
which are instrumented with photomultiplier tubes (PMTs).
In each AD, light created as a result of particle interactions in
the innermost zone, defined by an inner acrylic vessel (IAV)
containing gadolinium-doped liquid scintillator (LS), and the
surrounding undoped LS zone, is collected by 192 radially-
positioned 20-cm PMTs in the outermost mineral-oil region.
The AD trigger threshold of 45 hit PMTs or a summed charge
of ⇠ 65 photoelectrons in all PMTs corresponds to about 0.4
MeV in the Gd-doped volume. The trigger inefficiency for
events above 0.7 MeV is negligible. Charge and timing infor-
mation for each PMT are available for energy calibration and
reconstruction, as described in Ref. [13]. The detectors have a
light yield of ⇠ 165 photoelectrons/MeV and a reconstructed
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Figure 1. In the normal ordering (NO): top left, the matter potentials, a and a ′, top right, sine
squared of mixing angles in matter, sin2 θ̃jk, bottom left, the mass squared eigenvalues in matter,

m̃2
j , and bottom right, the mass squared differences in matter, ∆ m̃2

jk. Eν ≥ 0 (Eν ≤ 0) is for
neutrinos (anti-neutrinos). Eν = 0 is the vacuum values for both neutrinos and anti-neutrinos.

which is small and vanishes in vacuum, so that our perturbation theory reproduces the

vacuum oscillation probabilities exactly.

If Pνα→νβ (∆m2
31,∆m2

21, θ13, θ12, θ23, δ) is the oscillation probability in vacuum then

Pνα→νβ (∆ m̃2
31,∆ m̃2

21, θ̃13, θ̃12, θ23, δ) is the oscillation probability in matter, i.e. use the

same function but replace the mass squared differences and mixing angles with the matter

values given in eqs. (2.1)–(2.4). The resulting oscillation probabilities are identical to the

zeroth order approximation given in DMP.

2.2 Higher orders

If the 0th order is not accurate enough, going to 1st order is simple and gives another

two orders of magnitude in accuracy. First the ∆ m̃2
jk remain unchanged but the mixing
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Mixings and Masses in Matter:

DMP 0th order in a nutshell:

Vacuum ) Matter
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(same function just use matter variables)
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for IO figures see 1604.08167
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After 2 rotations:

0th Order:

zero in vacuum


